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1 Introduction

How, if at all, does an inability to insure against idiosyncratic endowment shocks affect
aggregate asset prices? The literature on this question gives conflicting answers. A seminal
result by Grossman and Shiller (1982) states that market incompleteness is irrelevant for risk
premia in a broad set of continuous-time settings. At the same time, multiple quantitative
models break this result by assuming discrete time and countercyclical idiosyncratic risks.!
Some studies have argued, either by example or by intuition, that this timing discrepancy
can be reconciled with jumps and recursive preferences.? Surprisingly, though, no study has
yet systematically evaluated these theoretical claims and their empirical implications.
Using a comprehensive heterogeneous-agent framework with jumps and recursive prefer-
ences, this paper characterizes exactly when incomplete markets do and do not matter for
risk premia, equity volatility, and the riskfree rate. The framework admits explicit asset
pricing solutions and theorems revealing the necessary and sufficient conditions for incom-
plete markets to matter for risk premia. Consistent with previous claims, agents demand
compensation for countercyclical cross-sectional risk if their preferences are not additively
separable. Contrary to previous claims, Poisson jumps have no effect on any of these irrel-
evance conditions. The Grossman and Shiller (1982) intuition still holds: the discrete-time
risk premium of Constantinides and Duffie (1996) still disappears in continuous time.
These irrelevance conditions are restrictive, raising the question of whether market incom-
pleteness could possibly explain the data. I show that it can, if (and only if) one allows for
non-additive preferences. Specifically, I solve and calibrate a general-equilibrium model with
uninsurable human capital, then test the model with asset pricing data and Social Security
Administration income data (Guvenen, Ozkan, & Song, 2014). Agents can invest freely in a
bond, the stock market, and their own inalienable human capital, but cannot trade claims to
each other’s human capital. The model quantitatively explains a host of asset pricing facts
with only two assumptions: non-additive preferences and time-varying risk of an idiosyn-

cratic human-capital disaster. While calibrated to match only the time series of asset prices,

!Countercyclical risk means countercyclical variance, skewness, or some higher moment of the cross-
sectional shock distribution. Krueger and Lustig (2010) show that countercyclicality is essential for gener-
ating a risk premium in discrete-time models like, for instance, that of Constantinides and Duffie (1996).

2 Articles arguing for the relevance of jumps include Martin (2013) and Panageas (2020).



the model implies a historical time series of cross-sectional income skewness that accurately
matches the data. These results suggest that time-variation in cross-sectional income skew-
ness is an important driver of aggregate asset price dynamics. They also reveal that discrete
time is not in fact an essential assumption for incomplete markets to make a difference in
the aggregate. This finding complements those of Schmidt (2015) and Constantinides and
Ghosh (2017): under a reasonable calibration, their core idiosyncratic-skewness mechanism
is robust to the timing of idiosyncratic risks.

The main specification of the heterogeneous-agent framework features agents with iden-
tical isoelastic recursive preferences (Duffie & Epstein, 1992). From this framework, I derive
a series of comprehensive irrelevance results, the most informative of which is as follows.
Stochastic cross-sectional risk has no effect on equity risk premia if and only if (i) all agents
have time-additive power or log utility and (ii) cross-sectional risks are uncorrelated with
aggregate consumption risks. The first condition operates through a well-understood price-
of-risk channel. Under non-additive preferences, an investor’s marginal value of consump-
tion today depends on utility in the future, so cross-sectional risks are priced. Otherwise,
the Grossman and Shiller (1982) logic applies. The second condition operates through an
endogenous-equity-risk channel. Stochastic cross-sectional risk always increases equity-return
volatility, and investors are always compensated for this risk if it is correlated with systematic
consumption risk. Evidently, whether risks arrive as diffusions or jumps is immaterial.

The finding that Poisson jumps do not affect any of these results may be surprising.
Several studies have proposed that, with simultaneous jumps to idiosyncratic risk and ag-
gregate consumption, one can reintroduce the Constantinides and Duffie (1996) mechanism
into continuous time (Martin, 2013; Panageas, 2020). For this to work, there must be mul-
tiple consecutive jumps, first to aggregate consumption and cross-sectional risk, and then
to idiosyncratic consumption, all within an infinitesimal time interval. This is not possible
with Poisson jumps because each Poisson process can only jump at most once over such an
interval, and all must jump at the same time. This is not to say jumps cannot ever matter:
to revive the usual discrete-time mechanism, we need a jump process with infinite variation.
Panageas (2020), for example, achieves this with a variance gamma process. I reconcile these

facts, and the broader mathematics behind them, in a detailed discussion.



Table 1: Assumptions of the literature

The table summarizes the assumptions made in the literature (Panel A) and this paper (Panel B). Time can
be discrete or continuous. Preferences may take three possible forms: time-additive, “EZ” (Epstein & Zin,
1989), or “other” recursive. The subcolumn denoted “Het.” indicates whether agents can have heterogeneous
preferences. The distributions of cross-sectional risk include Gaussian shocks and jumps. The subcolumn
denoted “CC” indicates whether these risks can be countercyclical. Panel A uses the following abbreviations:
GS = Grossman and Shiller (1982), KL = Krueger and Lustig (2010), CD = Constantinides and Duffie
(1996), STY = Storesletten et al. (2007), S = Schmidt (2015), CG = Constantinides and Ghosh (2017), AB
= Ai and Bhandari (2021). Panel B summarizes three cases in this paper: the main heterogeneous-agent
framework, the generalized framework with preference heterogeneity, and the application thereof to a model
with inalienable human capital.

Time Preferences Cross-sectional risks

Discrete Contin. Additive EZ Other Het. Gaussian  Jumps CC

Panel A: Literature

Irrelevance results

GS v v v v v

KL v v v v v
Quantitative models

CD, STY v v v v

S, CG, AB v v v v v

Panel B: This paper

Main framework v v v v v
Generalized framework v v v v v v v v
Human-capital model v v v v v

As stated above, the framework’s main specification assumes identical isoelastic prefer-
ences. This assumption is at once simple enough to convey the main intuition tractably
and broad enough to nest most incomplete-market frameworks in the literature. Table 1
summarizes this nesting. Even so, my main theoretical findings generalize to the case of het-
erogeneous, non-standard recursive preferences. In this case, identical isoelastic preferences
are shown to be a special case for irrelevance, because their homotheticity and isoelasticity
eliminate the distribution of consumption shares as a state variable. Non-separability and
the covariance of shocks to aggregate consumption and cross-sectional risks continue to be
the key irrelevance conditions; jumps remain inconsequential.

The sources of idiosyncratic risk are widespread; among the most well-documented is
uninsurable human capital. In a large cross-section of households, Guvenen et al. (2014)
show that the skewness of individuals’ income shocks is negative and procyclical. Using

cross-sectional regressions with consumption data, Cochrane (1991) finds that involuntary



job loss is not fully insured. Dou (2017) and Ai and Bhandari (2021) propose models in which
uninsurable human-capital risk arises endogenously from limited commitment and moral
hazard. This moral hazard problem may have substantial implications for macroeconomic
aggregates; for human capital includes not only the labor income of workers, but also the
private business equity of entrepreneurs.?

It is upon this microfoundation that I build the general-equilibrium model with inalien-
able human capital described above. To capture these facts, I model human capital as a
productive asset in which agents can invest or disinvest, subject to asymmetric adjustment
costs. Human capital is also subject to risks, including a time-varying probability of an
adverse idiosyncratic jump — a “personal disaster,” like persistent unemployment. After
frictionless trade in the stock and bond markets, this setting gives rise to equilibrium con-
sumption processes featuring uninsured idiosyncratic risk. Despite depending on only one
cross-sectional state variable, the calibrated model captures a host of asset pricing facts,
including left-skewed human capital returns; low, stable, and procyclical interest rates; and
high, countercyclical equity premia, volatility, and Sharpe ratios.

To my knowledge, my model is the first of its kind to quantitatively explain these
facts in continuous time. It is closest to the discrete-time models of Schmidt (2015) and
Constantinides and Ghosh (2017), which also assume non-additive utility. My model sheds
light on the mechanisms in these papers. In discrete time, risk premia are driven by two
channels: a correlation channel, by which idiosyncratic jump risk rises at the same time eq-
uities fall; and a price-of-risk channel, operating through preference non-additivity. A novel
result of my paper is that, in continuous time, the correlation channel always disappears,
even with jumps. This means that these models can only operate in continuous time through
the price-of-risk channel. Nevertheless, I show that this is not a problem: the price-of-risk
effect alone is sufficient to explain the data. Another major difference from these models is
that, instead of assuming autarkic consumption processes outright, investment opportunities
are explicit and agents make endogenous consumption-savings decisions. Lastly, I show that

this mechanism does not require a conventional “long-run risk” model with a high elasticity

3Smith, Yagan, Zidar, and Zwick (2019) find that three-quarters of pass-through profits accruing to top
earners are inalienable human capital income. Indeed, this human capital component of entrepreneurial
income exceeds income from public equity.



of intertemporal substitution (EIS) and a very persistent state variable: return dynamics
can be explained with an EIS of one, risk aversion of two, and cross-sectional skewness that
moves at a business-cycle frequency. Hence, I find that models in the spirit of Schmidt
(2015) and Constantinides and Ghosh (2017) are robust to the timing of idiosyncratic risks,
to endogenous portfolio choice, and to a broad and sensible parameter space.

The quantitative human-capital model helps to resolve an enduring empirical debate over
whether cross-sectional risks in the data can explain asset pricing moments.* Because the
model has a direct mapping to cross-sectional income data, its predictions are testable. Using
historical U.S. data, I show that the model-implied time-variation in cross-sectional income
skewness is consistent with time-variation in skewness in income data (Guvenen et al., 2014)
and in multiple asset pricing moments. This is strong evidence in favor of the importance of
incomplete markets for aggregate asset prices.

Before proceeding, it is worth elaborating on the meaning of “incomplete markets.” Gen-
erally speaking, there are two kinds of market incompleteness. The first, considered in this
paper, is when agents lack a sufficient set of securities to insure against idiosyncratic endow-
ment shocks. The second is when market participants face binding portfolio constraints that
prevent them from replicating a complete set of consumption plans.® This is the operative
mechanism in intermediary asset pricing (e.g., He & Krishnamurthy, 2013; Brunnermeier &
Sannikov, 2014). The present study focuses only on the first category, primarily because it
is the kind assumed by the irrelevance results and quantitative models mentioned above.®
The inclusion of binding portfolio constraints or dynamic changes in the composition of un-
constrained agents — akin to entry into and exit from the market (Basak & Cuoco, 1998;

Garleanu & Panageas, 2015) — will be fruitful extensions of this paper’s framework.

4Empirical tests of incomplete-market models have yielded mixed results. Using panel data on consump-
tion and income, some have found that observed income left-skewness is enough to explain the data (Brav,
Constantinides, & Geczy, 2002; Schmidt, 2015; Constantinides & Ghosh, 2017). However, Catherine (2020)
argues that, because the wealth share of agents with high income-wealth ratios is low compared to the
wealth share of older equity owners, uninsurable labor income risk is negligible for risk premia. This analysis
excludes the human capital component of business income (Smith et al., 2019), captured by my model.

5Cuoco (1997) constructs a framework that accommodates market incompleteness given time-additive
utility and Brownian (Gaussian) risks. Under his approach, the first type of incompleteness is also considered
a “portfolio constraint,” where the constraint is missing (non-tradeable) assets.

6This is not as restrictive as it might seem: all that is required is the assumption that there exists a fixed
subset of investors in the economy who are always unconstrained. In other words, it does not require that
every person in an economy is unconstrained or even a stock owner.



The rest of the paper is organized as follows. Section 2 lays out the assumed economic
setting, solves for asset prices and returns, and presents and interprets the main theoretical
results of the paper. In Section 3, I present and empirically assess the calibrated human-

capital model. Section 4 concludes. The Online Appendix contains all proofs.

2 The framework and theoretical results

In this section, I lay out the heterogeneous-agent asset pricing framework with jumps, re-
cursive preferences, and uninsurable idiosyncratic endowment risks. Within this framework,
I solve for the prices of, and returns on, a riskfree bond and risky stocks. I then derive from

these results the conditions under which incomplete markets matter for asset-price moments.

2.1 The economic setting

We begin with a description of the individuals populating this economy.

Assumption 1 (Agents). There is a unit measure of infinitely lived agents, indexed by
i € Z=1[0,1]. An agent is defined by a felicity function f& and an equilibrium consumption

process C;, both of which are described below.

These individuals face uncertainty in the form of systematic and idiosyncratic Brownian

and Poisson jump risks. These risks are formalized as follows.

Assumption 2 (Information). Uncertainty is represented by the filtered probability space
(Q, F,F,P). The filtration F = {F; : t > 0} is the augmentation under P of the filtration
generated by {B, N,{B;, N; : i € Z}}, where

1. B= {[Bt(l), .. ,Bt(m)f ot > O} is an m-dimensional Brownian motion,

2. N = {[Nt(l), o ,Nt(n)}T it > 0} 15 an n-dimensional Poisson process with constant

corresponding intensity A = [)\(1), . ,)\(”)] T,

3. each B; = {By; : t > 0} is a one-dimensional Brownian motion, and



4. each N; = {Ny : t > 0} is a one-dimensional Poisson process with corresponding

intensity given by the stochastic process n.”
All of these processes are independent of each other.

Given this information structure, we can define the underlying state variable governing
the time-variation in cross-sectional consumption risk. This quantity, denoted by X, will
determine the cross-sectional moments (variance, skewness, etc.) of idiosyncratic consump-
tion growth. Thus, we can think of X, as a sufficient statistic for the time-¢ distribution of
idiosyncratic risks. For instance, in the model in Section 3, X represents the time-varying

probability of an idiosyncratic human-capital disaster.

Assumption 3 (Cross-sectional risk). The stochastic process X , which we call cross-sectional

risk, solves the stochastic differential equation®

X, = px(Xp)dt + ox(X,) dB + Y (P (X, )dNY (1)

J=1

with initial condition Xo. The functions ux, ox, and Qﬁg) satisfy the necessary conditions

for X to be unique.

The key assumption here is that cross-sectional risk is stochastic and, in particular, subject
to jumps. The presence of multiple jumps with deterministic sizes Cﬁgz is isomorphic to
having a single jump with intensity determined by some i.i.d. random variable Z§§) with
n-dimensional support.’ Note that the assumption that X is unidimensional is simply made
for expositional and analytical simplicity; one can easily extend all of the following results

to a multidimensional stochastic process.

"Because 7 is stochastic, N; is technically a Cox process. I refer to it as a Poisson process for simplicity
and to keep with convention in the literature.

8Because the Poisson processes N ) and N; have a countable number of jumps almost surely, the integrals
J nx(Xy)dt and [ px(X,-)dt differ only on a set of measure zero. The same is true of the stochastic
integrals [ ox(X;)"dB; and [ ox(X;-)"dB;. We can therefore omit the superscripts on ¢~ for corresponding
coefficients of stochastic differential equations like (1).

9The use of a single systematic jump with randomly distributed size is the convention in aggregate disaster
models like that of Wachter (2013). The quantitative model in Section 3 switches to this case, without loss
of generality, to make it easier to map to the Barro and Ursuia (2008) disaster data.



We now define the set of consumption processes that hold for each agent in equilibrium
— that is, after they make their consumption and savings decisions.!® Let C represent the
set of feasible consumption processes C. Then the consumption of each agent i € 7 is a
stochastic process C; € C, and aggregate consumption, defined by C; = fI Cyudi, is the total
endowment consumed by all agents collectively.!! Finally, let 0; = Cy;/C; denote agent i’s

consumption share and ©, = {0 : i € T} the set of all consumption shares.

Assumption 4 (Equilibrium consumption). The aggregate consumption process C' € C is

the unique solution to the stochastic differential equation

d - j ;
AC0 it + oldB, + 3 (e — 1)dN?, 2)

t= =

for constants uc € R, o € R™, and Cg) € R. In equilibrium, agent i’s consumption process

C; € C solves the stochastic differential equation

dCy
Clit-

= 1&(Cr. 01, Xo)dt + 0(Cr 01, X0) TdB; + Y (e @m0 X _ 1)aNY)

J=1

+6(X,)dBy + (e X720 _ 1)(dNy, — n(X;)dt) (3)

with initial condition Cyy > 0. The random variable Zt is drawn from time-invariant dis-

tribution v. Moreover, the functions ug), crg), g’j), o, and 5, and the random variable Z,

satisfy the necessary conditions for C; to be unique.

One can think of aggregate consumption as an exogenous endowment or endogenous total
output, and each individual’s consumption as the equilibrium decision after receiving income
and making optimal investment decisions. While it may not be obvious at this point, take
note that cross-sectional risk X will only affect the coefficients ,u((j;,)f, agz, and Cg;j ) when mar-

kets are incomplete. Cross-sectional risk is originating in the idiosyncratic risk coefficients

oy, C~t and 7, then potentially affecting the distribution of consumption growth when these

10We could have begun by assuming agents’ endowments, then permitting trade; however, this assumption
would mean the framework excludes production economies. Examining equilibrium consumption covers both
endowment and production economies without needing further assumptions on income and technologies.

1Gince agents are atomistic, we could interpret C; as either “aggregate” or “per-capita” consumption.



risks cannot be insured away. Whether this is in fact the case is to be determined after
agents’ preferences and the securities market are specified.

Assumption 4 contains two helpful but nonessential simplifications. First, aggregate con-
sumption growth is assumed to be independent and identically distributed, so that we can
focus solely on cross-sectional risks. Second, exposure of individual agents to idiosyncratic
risks is assumed to be ex ante identical: &; and ft are the same for all agents. The framework
generalizes straightforwardly to both time-varying aggregate growth dynamics and hetero-
geneous exposures to idiosyncratic shocks without changing the core economics.

Having described the consumption process of each agent, we need also to define the
preferences of each agent that, in equilibrium, yield this process. To make my main point
about the pricing of idiosyncratic risks, it suffices to endow agents with identical isoelastic
recursive preferences. This is the most practically relevant case; nevertheless, the core results

generalize to a much broader class of heterogeneous recursive preferences.

Assumption 5 (Preferences). The felicity function f : C x R — R of each agent i € T

takes the identical form

P c 1-1/v _
_ 1_1/w(1—v)v((((1_””)1/(1V)) —1) if Y#£1,

f<c7 U) =
p(1 =) (logc — w> if ¢ =1.

(4)

In (4), we can interpret p as the rate of time preference, ¢ as the elasticity of intertemporal
substitution (EIS), and 7 as the coefficient of relative risk aversion. This specific form of
felicity, derived by Duffie and Epstein (1992), corresponds to the continuous-time adaptation
of the recursive preferences proposed by Kreps and Porteus (1978) and Epstein and Zin
(1989). Under these preferences, there exists a unique process V;, which we will call the

value function process of agent i, such that

Ve =E, { / T ws>ds] . (5)



When v = 1/4, we get the special cases of time-additive power or log utility,

- ploge —pv if =1,
Flew) =ut)—pw=1{" i, (6)

pl — pv  otherwise,

which implies the usual explicit value function:

Vi, = E, [/ e_p(s_t)u(Cis)ds )
¢

Henceforth, assume that v > 1 except in the case of time-additive log utility.

Finally, I make the following assumption about the set of securities in which agents trade.

Assumption 6 (Securities). There exists a riskfree asset, the bond, with instantaneous
return ry. There are also m+n risky assets, the stocks, each of which is a claim to a stream
of cash flows given by the stochastic process D® k € {1,...,m +n}, called the dividend

process for stock k. The dividend process D®) satisfies the stochastic differential equation

D"
G

Wit 1 o dBt+Z 57 _ 1)aNy (7)

k) (k) _(F)

with initial condition D(() > 0. The constants py’, oy, and Cg’j) satisfy the necessary
conditions for each D to be unique. Moreover, all dividend processes are non-redundant
(linearly independent). In equilibrium, agents’ allocations to these assets are not constrained

by any quantity restrictions. There are no arbitrage opportunities.

One could easily generalize the coeflicients u%), o ; , and (p *3) t0 be time-varying functions

of X; it would have no bearing on the main results that follow.

Let St(k) represent the time-t price of the kth stock. Denote the stock’s return by

w DY ds®
dRg) = <@ — - TR
t t—

the sum of its dividend yield and capital gains. The expected return is thus rgt = Ei[dR k)] /dt.

The expected excess return, or risk premium, is then rgt) — T

10



This is not necessarily a complete description of the securities market in the economys;
rather, these are the assets we would like to price. The assumption of m 4+ n non-redundant
stocks — as opposed to, say, a single stock — is made solely so that it is easy to compare this
incomplete-market economy with a complete-market benchmark. This is because completing
the market requires, at least, that all systematic consumption risks are spanned by the set
of available stocks. We are interested in the effects of unspanned idiosyncratic risks. To
emphasize that this assumption is not central, I will henceforth suppress the & indexing and
refer to an arbitrary risky security in this set as the stock. Let us now solve for the returns
on the riskfree bond and the stock in this economic setting. To do this, we must first derive

some intermediate results characterizing equilibria.

2.2 Equilibrium conditions

Equilibrium consumption plans and asset returns are jointly determined by two conditions.
First, given the menu of available securities, the consumption processes C; are such that
lifetime utility Vj; is indeed at a maximum. Second, prices of available securities do not admit
arbitrage opportunities. This section establishes the consequences of these two conditions.
Because all processes are Markov, we can characterize the value function V;; as some
function J(Cjy, X;).'> From this characterization, we can define the marginal felicity of

consumption

Of(Cit, Vit)

fgt) = fC(Oth) = acit

)

Vie=J (Cit, Xt)

and, analogously, the marginal felicity of value

Of(Cit, Vit)

1} = Fr(Can X) = =57

Vir=J(Cit,Xt)

These objects are critical to pricing assets because, as the following lemma shows, they
determine the state-price density of each agent i € Z. Letting m; = {m;; : t > 0} denote these

state-price density processes, standard asset pricing results imply the following.

12This claim takes for granted the fact that Vj, does not depend on the distribution of consumption shares
O;. In actuality, we begin with the fact that V;; = J(Cy, ©y, X;) and prove that ©; is not a state variable,
because preferences are identical and isoelastic.

11



Lemma 1 (State-price densities). In equilibrium, the state-price density of agent i takes the

form

Tt = €XP {/0 fV<02'57XS>dS}fC(Cit7Xt)- (8)

By the absence of arbitrage and portfolio constraints, the instantaneous riskfree rate

dmy | 1
[t

a (9)

it
For any asset with dividend process D and price process S satisfying

s,

S = psidt + 0g,dB, + Z G 1)dNt(j)a (10)

7j=1

the expected excess return

M} 1_ g {%} %, (11)

The state-price density expression (8) evolves according to

dﬂ-zt df 0

(%)
Ct—

Tt~

meaning that unexpected shocks to the discount factor 7; are, ultimately, unexpected changes
in the agent’s marginal felicity of consumption. Combining this intuition with the excess
return relation (11) implies that risks are priced if and only if those risks arrive in the form
of correlated shocks to both marginal felicity fo and the stock return Rg. Our main question
of interest boils down to exactly when this is and is not the case.

In principle, this characterization of agents’ state-price densities is enough to study equi-
librium return dynamics. Under our assumption of isoelastic preferences, though, we can

say more about these state-price densities by solving explicitly for the value function.

Lemma 2 (Consumption and value function). Suppose the n+m stocks defined in Assump-

tion 6 satisfy equations of the form (10). Then all agents have identical exposure to aggregate

12



consumption shocks: for all i € Z, (3) holds with
/‘L(CZ’% = Mo, O-(CZ’z = 0c¢, and Cgij) - Cg)

Additionally, the value function of each agent i € T takes the form

Cis "1(Xy)'™

Vie = J(Co X0) = =

, (12)

where the function I(x) solves the ordinary differential equation (A.6).

Given this result, we have that the marginal felicity of consumption is
fele,x) = pI(x)/¥77e,

and the marginal felicity of value is

_ YUY a1y
fvlex) = fv(z) = p<1+<1—1/¢)(1( ) 1)) f#1,
—p (14 (1 —~)logI(x)) TR

Both of these expressions are functions of X if and only if v # 1/¢ — that is, if and only if
agents do not have time-additive power or log utility.

Both of the lemmas above require that the risky assets we are trying to price — namely;,
the stocks defined in Assumption 6 — satisfy stochastic differential equations of the form

(10). The following lemma confirms this and characterizes these prices.

Lemma 3 (Stock price). The price of the stock is given by
St — DtF(Xt)

and solves the stochastic differential equation (10) with ps, given by (A.9),

F
Ost =0p + ﬁUXb (13)
F

13



and

| | 9
Q) e [ FXe + ) 14
cTm e\ T ExY ) .

The price-dividend ratio F(x) is the solution to the ordinary differential equation (A.10).

This fact verifies that we can fully apply Lemmas 1 and 2 in our setting. The expressions
(13) and (14) also show us how cross-sectional risk may directly affect equity risks. When the
price-dividend ratio F' is a function of X, the stock’s volatility is affected by both Brownian

and Poisson shocks to cross-sectional risk.

2.3 Asset pricing solutions
2.3.1 The complete-market economy

To make a statement about the consequences of market incompleteness, it is necessary to

define an economy in which markets are complete and agents do not face idiosyncratic risks.

Definition. We say that an economy is essentially complete if
T = T4't

almost surely, for all agents (i,7') € T x T and all t > 0. Let 7™ denote the common
state-price density process in such an economy. The complete-market economy is the set of

essentially complete economic settings satisfying the assumptions in Section 2.1.

This definition takes advantage of the well-known asset pricing result that state-price
densities of unconstrained investors are equated in a complete-market equilibrium (Duffie,
2010). Essential completeness means that consumption allocations are Pareto optimal, so
that adding new securities to the economy is never welfare-improving. Note that essential
completeness is a weaker definition than completeness, which requires that any consumption
plan can be financed by an admissible trading strategy. Completeness implies essential

13

completeness, but not vice versa.”> One can show that, in our isoelastic setting, essential

13For example, consider an economy in which only a few assets are traded but all agents are endowed with
an optimal consumption plan. In this case, we have an autarkic, incomplete-market equilibrium. State-price
densities are equal and traded asset returns are equivalent to those in a corresponding complete market.

14



completeness is equivalent to the absence of idiosyncratic risks (6; = ént = 0) for all agents.
This, in turn, implies that X is no longer a state variable.
Using the equilibrium conditions derived in the previous section, we can immediately

solve for asset prices in this economy.

Proposition 1. In the complete-market economy, the equilibrium riskfree rate equals

1 1 /1
rM=p+ —pc— 57 (E + 1) oc|?

¥ 2
_ Zn:/\(j) {evcg’ (1 _ 1/11{_—77648“) _ %1 . (15)
j=1

This interest rate is the same as that which arises from a representative agent endowed with
aggregate consumption (e.g., Tsai & Wachter, 2018). The expression captures the standard
consumption-based asset pricing intuition: the riskfree rate is increasing in impatience p
and expected growth pue, due to the intertemporal tradeoff; and decreasing in systematic
risks o and (g ), due to precautionary savings. These effects are mediated by both risk
aversion v and the EIS 1. The interaction of these motives can be complicated, especially in
the jump terms where growth effects and precautionary savings demand enter non-linearly;
nevertheless, we can reduce intuition to two important cases. The first is whether agents have
a preference for early (v > 1/1) or late (7 < 1/1) resolution of uncertainty: this governs
agents’ attitudes toward future consumption risks. The second is whether the elasticity of
substitution is above, below, or equal to one: this determines the sensitivity of the interest
rate to growth expectations due to competing wealth and substitution effects.

Similarly, we can solve for the price of the stock and its expected excess return.

Proposition 2. In the complete-market economy, the risk premium on the stock equals
) )
rsM — rM = 4o LotM 4 Z)\(J [(eVCU 1> (1 e )] : (16)

where the equity-risk coefficients
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Like the interest rate, the equilibrium excess return is a standard result for complete-market
economies with jumps. The first term on the right-hand side is the classic consumption-
CAPM: agents demand compensation for systematic Brownian consumption risks that covary
positively with the stock return. In a complete market, the volatility of the stock return
is just the volatility of the underlying cash flows. The exact same reasoning applies to the
jump terms: agents demand a risk premium if aggregate consumption and the stock price
(and dividends) jump downward at the same time.

With these results in hand, we can now make claims about the interesting case in which

idiosyncratic risks cannot be insured.

2.3.2 The incomplete-market economy

We will define the incomplete-market economy as the set of equilibria satisfying the assump-
tions in Section 2.1 that are not encompassed by the complete-market economy.'* Using
the equilibrium state-price densities and return relations derived in Section 2.2, we can solve
for the riskfree rate in this economy, and see how it is affected by cross-sectional risk and

recursive preferences.

Proposition 3. In the incomplete-market economy, the equilibrium riskfree rate equals

=t e = 51 (5 1) ool + 506"

05

n N\ .
30 [ (fo?& g&b) (1 Y- ve@) 11y
j=1 !

Two main insights emerge from (17). First, agents’ precautionary savings motives from
idiosyncratic risks (&, Z, and n) aggregate to have a direct effect on interest rates, even

if these risks are static. This is perhaps most apparent in the case of time-additive power

14Tn other words, the incomplete-market economy is the subset of essentially incomplete economic settings.
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utility (v = 1/%), for which the interest rate becomes
oM 1 =2 e
Te=T —57(7+1)0t —nEs [e —7—1}.

The latter two terms, which do not appear in the complete-market riskfree rate, are non-zero,
even if X is a constant. Thus, market incompleteness can drive down interest rates. Second,
when cross-sectional risk X is time-varying, the riskfree rate may also respond to movements
in X. Whether and in which direction this is the case depends, again, on two key attributes:
the preference over timing of resolution of uncertainty (v relative to 1/¢) and the relative
strengths of the wealth and substitution effects (¢ relative to unity). The second line in
equation (17) shows us that, if felicity is non-time-additive and the EIS is not equal to one,
then time-variation in cross-sectional risk through a non-zero ox will necessarily have an
effect on the interest rate. A similar term for ng) shows up non-linearly in the jump term.

Now consider risk premia in this economic setting.

Proposition 4. In the incomplete-market economy, the risk premium on the stock equals

1\ Ix(X,
rsy — Ty = ’YUEUSt + (7 - E) %ULU&
¢
(4

n 1/¢p—y
; o [ 1( X+ )) )
4 )\(J) eVse S\ T SX -1 (1 —e Cst) , (18)
2 1%)

where the equity-risk coefficients og; and Cé? are given by (13) and (14), respectively.

As with the riskfree rate, we see new terms relating to time-varying cross-sectional risk.
Consider the second term on the right-hand side of (18): aversion to cross-sectional risk
times the covariance of Brownian shocks to X and the stock return. Suppose, as we will
in the human-capital model in Section 3, that agents have non-time-additive utility with a
preference for early resolution of uncertainty (v > 1/1). Suppose also that cross-sectional
risk is “bad,” in that it decreases the continuation value (Ix/I < 0); and that it increases in
“bad times,” in that it is negatively correlated with the stock (oo < 0). Then this term
contributes positively to the equity risk premium, as agents demand compensation for the

effect of time-varying uninsurable risks on future idiosyncratic consumption growth. Despite
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an i.i.d. aggregate endowment, idiosyncratic risks are priced.

That this second term appears is consistent with previous claims that non-time-additive
preferences can restore the relevance of market incompleteness in continuous time. What
might be surprising about this result, though, is that the intuition remains identical even in
the presence of correlated jumps to X, C'; and S. That is, the jump terms depend in exactly
the same way on preferences (v,1/, ) and the correlation of risks (ng)g éj )). There is no
interaction term between jumps and Brownian risks, even though the volatilities ox and &
may be subject to an arbitrary number of jumps over any small time interval. This intuition
will be formalized below.

We also see a second possible channel for relevance of cross-sectional risk: equity risk
coefficients og and (g ) need not equal o§™ and (éCM’j ) if cross-sectional risk is stochastic
(ox or ng) are non-zero) and the price-dividend ratio Fis a function of X. In this case, cross-
sectional risk could become a source of excess volatility above that which is generated by
risky cash flows. Jumps, again, introduce no new economic channels that are not analogous

to those arising from Gaussian risks.

2.4 When does idiosyncratic risk matter?

The effect of market incompleteness on returns will depend critically on whether cross-
sectional risk is stochastic and on the assumed form of agents’ felicity functions. We begin

with a definition regarding our key state variable.

Definition. We say that cross-sectional risk X is stochastic if it is not the case that, almost
surely, ox(X;) = gg)(th) =0 forallje{l,...,n}. We say that X is time-varying if it is
stochastic or pux(X;) # 0.

Recall that, even if cross-sectional risk is non-time-varying, it may still be relevant for asset
prices, as agents demand precautionary savings to buffer against static idiosyncratic risks.
Moreover, recall from the expected return expressions that non-time-additive utility (v #
1/1) renders cross-sectional risk a priced factor. This is not just about preference for early or

late resolution of uncertainty; it is a consequence of the more general property that marginal

18



felicity of today’s consumption is dependent on the continuation value V.'® In the present
case of isoelastic preferences, marginal felicity depends on X if and only if v # 1/¢ and X
is time-varying (in which case I(X;) does not reduce to a constant).

Now let us address the central question: when do incomplete markets matter for risk
premia? I consider two notions of relevance, differentiated by their assumptions about equity-
return risks. The first is the Grossman and Shiller (1982) notion: imposing that equity risks
are identical in the complete- and incomplete-market economies (fixing {og, {Cg) Tt =
{oS™M {¢ quM’j )};?:1 ), when does incompleteness matter? This question amounts to whether
and when cross-sectional risks affect risk premia through the state-price densities, or price

of risk, of investors. This first notion is formally defined as follows.

Definition. We say that market incompleteness is relevant for risk premia through the
price of risk if equity risk premia in the incomplete- and complete-market economies are not
(4 _ C(CMJ)
s = 6s

identical, given that the stock-return coefficients o = o§™ and ¢ almost surely.

The second notion, which is more complete and therefore arguably more informative, is the
case in which we allow equity risks to differ between the two types of economies, as they
should in general equilibrium. In this case, both prices of risks and endogenous equity risks

(return volatility) can be affected by market incompleteness.

Definition. We say that market incompleteness is irrelevant for risk premia if equity risk
premia in the incomplete- and complete-market economies are not identical, given the stock
(Dn

return processes {0, {¢J’ Y11} and {o§M, {CéCM’j)}}l:l} determined in their respective equi-

libria (i.e., as stated in Propositions 2 and 4).

The reason for these separate concepts is subtle but important in light of the literature
on heterogeneous-agent asset pricing. The well-known arguments of Grossman and Shiller
(1982) and Constantinides and Duffie (1996) assume the former: they characterize risk

premia, taking the return processes on the risky assets as some exogenously given process.'6

15Ai and Bansal (2018) use the term “generalized risk sensitivity” to describe this property of marginal
felicity, and derive complementary economic conclusions pertaining to other contexts.

6The statement of Grossman and Shiller (1982), for example, is that risk premia depend only on the
covariance of equity-price shocks with aggregate consumption shocks, as in a standard complete market.
Returns are held fixed across the complete- and incomplete-market economies.

19



This partial-equilibrium perspective informs us about how agents demand compensation for
the risks they face. Taking the stock’s volatility and jump magnitudes as given may also be a
reasonable starting point for empirical tests of state-price densities. However, in reality, the
return process is an endogenous object, and so, even if this statement holds, these types of
results give us no guarantee that covariances of state-price densities with price changes will
be the same in an incomplete market. Indeed, considering the endogenous effect of market
incompleteness on equity risk is essential to explaining why stock returns are so volatile in
the first place (Shiller, 1981). This is why the second notion of relevance is more informative.

In light of these views, I now lay out two analogous theorems, which elucidate exactly

when market incompleteness matters.

Theorem 1. Market incompleteness is relevant for risk premia through the price of risk if

and only if both of the following conditions hold:

1. Cross-sectional risk is stochastic and correlated with the stock.
2. Felicity is non-time-additive (i.e., v # 1/v).

Countercyclical cross-sectional risk, the first of these two conditions, is the core assumption
of virtually all incomplete-markets-based asset pricing models. It has been validated by both
income and consumption data. The theorem tells us that, given such risks and holding fixed
the distribution of equity-price shocks, the only way in which market incompleteness can
explain the equity premium is if agents have non-additive preferences. Even with an arbitrary
number of Poisson jumps, the question of whether agents demand risk compensation reduces
to a question of their intertemporal preferences.

It is in this sense that the model of Constantinides and Duffie (1996) ceases to operate in
continuous time. Because agents have time-additive power utility, Theorem 1 implies that
even stochastic cross-sectional risk that is correlated with the stock return cannot increase
the equity risk premium. Jumps make no difference, as the next subsection discusses in more
detail. In contrast, Theorem 1 suggests that one part of the argument of Constantinides and
Ghosh (2017) continues to hold in continuous time, because they assume both countercyclical
cross-sectional risk and non-separable Epstein and Zin (1989) preferences.

Now, consider the endogenous-return extension of this theorem.
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Theorem 2. Market incompleteness is relevant for risk premia if and only if both of the

following conditions hold:
1. Cross-sectional risk is stochastic.
2. At least one of the following is true:

(a) Felicity is non-time-additive (i.e., v # 1/1).

(b) Aggregate consumption shocks are correlated with shocks to cross-sectional risk

(i.e., it is mot the case that olox; = Q(C])ngz = 0 almost surely).

As before, cross-sectional risk must be stochastic. Under this more general notion, though,
two distinctions arise from the equity-risk channel. First, cross-sectional risk can affect
risk premia simply by being correlated with aggregate consumption risk; non-time-additive
preferences are sufficient, but no longer necessary. The reason is that stochastic cross-
sectional risks (the coefficients ox and ng)) always affect equity risks (the coefficients og
and ¢ g )) — recall (13) and (14). In other words, stock prices endogenously inherit shocks to
cross-sectional risk, so these processes become naturally correlated. Consider, for illustration,
the risk premium (18) in the special case of time-additive utility and no jumps:

F

T T _CM Xt T

Tst — Tt ="Y0c0st = Y0o0g +Y—F 000Xt
s TR

CM_,.CM
’I“S T

Even under power utility, the risk premium differs in an incomplete market if olox; # 0.17
The second, related distinction between the theorems is that Theorem 2 omits from its first
condition the statement that stochastic cross-sectional risks must be correlated with stock
returns. The reasoning is the same as above: equity returns are endogenously correlated
with stochastic cross-sectional risks. If condition 2(b) does not hold, the question again be-
comes whether agents demand compensation for these correlated risks through non-separable

preferences, as in Theorem 1.

"How do we know that the semi-elasticity Fi /F is non-zero in this case? In an incomplete market, the
riskfree rate always depends on cross-sectional risk X. Consequently, the price of the stock depends explicitly
on X, varying whenever X varies, so F' is indeed a non-trivial function of X.

21



With this new theoretical result, we can restate and better understand well-known irrel-
evance results within this more general framework. Let us first consider the classic result of

Grossman and Shiller (1982).

Corollary 1 (Generalized Grossman & Shiller). If all agents i € T have time-additive power

utility, then market incompleteness is irrelevant for risk premia, holding equity risks fized.

This is effectively the same statement made in their paper, with an additional layer of
generality: their argument continues to hold even when we add an arbitrary number of
jumps in both the state variable and consumption.

Additionally, the theorems bear out implications for the discrete-time irrelevance re-
sult of Krueger and Lustig (2010). These authors show that, assuming power utility and
i.i.d. aggregate consumption growth that is uncorrelated with cross-sectional risk, market
incompleteness is irrelevant for risk premia. A generalized continuous-time form of their

conclusion is implied by the theorems in this paper.

Corollary 2 (Continuous-time Krueger & Lustig). Suppose all agents have identical power
or log utility and aggregate consumption growth is i.i.d. Then market incompleteness is
wrrelevant for risk premia if and only if aggregate consumption shocks are uncorrelated with

cross-sectional risk shocks.

Zero correlation between the aggregate endowment and cross-sectional risk is not only suf-
ficient, but also necessary for general-equilibrium irrelevance. Moreover, both irrelevance
theorems emphasize that this is specific to additive utility. Even with completely uncorre-

lated aggregate risks, non-time-additive preferences necessarily alter the risk premium.

2.5 Discussion: The irrelevance of jumps

Both of these theorems yield a novel insight about Poisson jumps: they have no bearing on
the relevance of market incompleteness. This is striking, considering that previous studies
have claimed the opposite. I show how these views can be reconciled.

The hypothesis that jumps can recover the Constantinides and Duffie (1996) mechanism

as time becomes continuous is predicated on the following intuition. In Constantinides and
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Duffie (1996), changes in cross-sectional risk X over a time interval of measure A are normally
distributed. Idiosyncratic consumption shocks arrive as 6(X;;a) times an ii.d. N(0,A)
random variable. Investors demand compensation if shocks to X; a — X; co-occur with
stock returns. As A declines to zero, though, Gaussian shocks become Brownian motions
and &(X;.a) becomes locally deterministic, so this co-occurrence disappears. The claim,
then, is that one can overcome this limiting deterministic behavior by allowing for jumps
in X (and therefore jumps in &) that occur simultaneously with jumps in the stock price.
In the terminology of the present framework, one expects to see a covariance term relating
(X~ + Cx¢) to the simultaneous stock-price jump (g;.

But the results above imply that agents do not demand compensation for such jumps.
Why is this so? The reason, in short, is that this is a measure-zero event. The above
intuition requires an ordered sequence of jumps: first there is a jump in X, which then
yields a jump in &, which then scales agents’ idiosyncratic Brownian shocks dB;. Such a
sequence is impossible, as each Poisson process is of finite variation and can therefore only
jump once over an infinitesimal time interval. It is not enough to have discontinuous sample
paths in X it is not even enough to have an arbitrary number n of jumps.

Fortunately, this finding can be reconciled with previous studies that have posited the
jump intuition (e.g., Martin, 2013; Panageas, 2020). This kind of multi-jump event is possible
under a less conventional class of stochastic processes with uncountably many jumps. Includ-
ing such jump processes broadens the notion of uncertainty to the full set of so-called Lévy
processes (Protter, 1992; Cont & Tankov, 2004). In a recent survey article, Panageas (2020)
does exactly this: assuming that cross-sectional risk depends on a variance gamma process
(an infinite-activity Lévy process) he shows that the mechanism used by Constantinides and
Duffie (1996) can be recovered in the continuous-time limit. In fact, the variance gamma
example of Panageas (2020) falls under a subset of infinite-jump processes, called subordi-
nated Brownian motions, which have been studied at length in the mathematical finance
literature.'® Subordinated Brownian motions are Brownian motions on a transformed time
scale, such that, over the true time scale, they become an infinite-variation series of jumps.

As Cont and Tankov (2004) show, two especially tractable special cases of this are Brownian

18See Cont and Tankov (2004) for a detailed textbook treatment.
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motions subordinated to variance gamma and inverse Gaussian processes.

2.6 Discussion: Additional insights

Beyond irrelevance results, the framework above yields three insights that are worth briefly
discussing, for the sake of completeness.

In addition to risk premia, I characterize the effect of market incompleteness on two
central asset pricing moments: equity volatility and the riskfree interest rate. Unlike risk
premia, these variables are always affected by countercyclical cross-sectional risk. This con-
clusion brings to light an interesting relationship between portfolio choice and asset prices.
A large literature depends on the fact that idiosyncratic background risks, often coming from
uninsurable labor-income shocks, explain low portfolio allocations to risky assets (Viceira,
2001; Catherine, 2020). In light of these irrelevance results, though, one might ask: how can
idiosyncratic risk simultaneously decrease risky asset allocations and have no effect on risk
premia? The answer is that, in general equilibrium, agents’ aversion to uninsurable risks
can show up entirely in equity volatility and the riskfree rate. The level of expected stock
returns declines with the riskfree rate, volatility increases, but the premium is unchanged.

Second, this framework has cross-sectional asset pricing implications. Most conventional
asset pricing models assume only Brownian risks and thus admit a linear factor structure.
This fact is frequently exploited to justify reduced-form affine models and empirical analyses
of stock returns in both the cross-section and time series. It follows from Proposition 4 that

this is indeed the case when we assume that there are no jumps.

Corollary 3 (CAPMs). Suppose there are no jumps: Cg) = gt) = (Y = 0 almost surely.
The isoelastic economy admits a linear factor structure for the expected return on risky assets.

Specifically, the expected excess return on the kth stock is given by a Merton (1973) ICAPM:

d
r® 1, = AcCov, (C—Ct ng’?) + Ay, Cov, (dXt, dRé’?) ,
n

where the factor loadings A\¢ = v and Axy = (v —1/0)Ix(Xy)/I1(Xy). If preferences are time-
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additive or X is non-stochastic, then this economy admits the Breeden (1979) C-CAPM:

dc,
Tg? —r; = vCovy (C—t, ng?) :
-

Provided that the price of cross-sectional risk Ax; is non-zero, two stocks with the same
exposure to aggregate consumption risk but different exposures to cross-sectional risk will
earn different risk premia. This prediction of the model is in principle easily tested given
cross-sectional return and consumption data.'® Indeed, Herskovic, Kelly, Lustig, and Van
Nieuwerburgh (2016) find that a “common idiosyncratic volatility” (CIV) factor — the firm
equivalent of cross-sectional risk in this framework — is priced, so that stocks whose returns
covary more negatively with CIV earn a higher risk premium. The CIV factor, they find,
is highly correlated with labor-income risk, and therefore presumably also with the state
variable X in our model. Consequently, their empirical finding is consistent with this I[CAPM
factor model where v > 1/t (preference for early resolution of uncertainty) and Ix/I < 0
(cross-sectional risk is “bad”). Indeed, this is exactly how the authors rationalize their
findings: they propose a discrete-time model in which agents have Epstein and Zin (1989)
isoelastic preferences and CIV jointly drives cross-sectional consumption and dividend risk.

Lastly, this general framework contains the particularly important special case of affine
economies. For tractability, most asset pricing models assume that stochastic processes are
affine in the given state variables. It is therefore worthwhile to extend the isoelastic economy
to the special case in which coefficients that depend on X are affine in X. This special
case admits closed-form solutions where the more general economy leaves us with unsolved
differential equations for I(X) and F(X). These solutions are also valuable because they can
be used as a reference point for numerical solutions to non-affine economies.?’ Appendix D
contains a full derivation and discussion of asset pricing results in this affine economy. I
move these informative results to an appendix because the human-capital model in the next

section is an example of an affine economy, and so provides most insights.

19T say “in principle” because there is evidence that household-level consumption data may be of low

quality (Koijen, Van Nieuwerburgh, & Vestman, 2014), limiting the validity of such direct empirical tests.
20We can think of the affine economy as an approximation of the full isoelastic economy if we take first-order
Taylor expansions of the true coefficients.
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2.7 A more general theory

The above framework is general, but does make the simplifying assumption that all agents
have identical isoelastic preferences. One might wonder whether these irrelevance results are
particular to this special case. In Section F of the Online Appendix, I generalize this theory
to include a much broader class of recursive preferences and an arbitrary degree of cross-
agent preference heterogeneity. Ultimately, none of the core findings above change. The
conditions for irrelevance still depend on non-separable preferences and the correlation of
shocks to aggregate consumption and cross-sectional risk. Jumps still have no consequence.

At least one interesting result does emerge from this generalized framework: identical
power or log utility turns out to be one of the necessary and sufficient conditions for irrel-
evance of incomplete markets. This is due to three critical properties. First, as explained
above, the time-additivity of these preferences means cross-sectional risks are not priced.
Second, these preferences are isoelastic and homothetic, so that the level of individuals’ con-
sumption does not affect how they price risk and the bond. Third, when all agents have the
same isoelastic preference parameters, consumption shares of individual agents are no longer
a state variable. Together, these properties constitute a special case in which idiosyncratic

risk can never affect risk premia.

3 A model with inalienable human capital

Theorem 2 shows us that stochastic cross-sectional risk can only affect risk premia through
non-additive preferences or correlated risks to idiosyncratic and systematic consumption.
The latter condition amounts to an increase in equity risk. Thus, this equity-risk channel
can only explain asset pricing moments insofar as a consumption-CAPM with higher equity
risk can explain them. Alternatively, preference non-additivity has the potential to fully
explain both higher equity risk and higher effective risk aversion. To evaluate whether this
is the case under realistic quantities, we need a quantitative model.

In this section, I solve and calibrate a heterogeneous-agent model in which agents have
non-tradeable, hence uninsurable, human capital. The calibrated model quantitatively ex-

plains both asset prices and cross-sectional income skewness over time. This section has two

26



purposes. First, it illustrates how the generalized framework above can be applied to a full
general-equilibrium economy with production. In the previous sections, we took the equilib-
rium consumption processes as given; in this section, we will see how such a process can arise
from the optimal consumption-portfolio choices of agents. Second, using data from the cross-
section, I show how this tractable, parsimonious model can generate quantitatively realistic
return dynamics that would be fully missed under a complete-market, representative-agent

assumption. The price-of-risk channel is quantitatively important.

3.1 Model setup

Agents have identical recursive preferences with elasticity of intertemporal substitution (EIS)

equal to one. In other terms,

Feww) = p(1 =)o toge — “ELLZI),
for all agents i € 7.

Agents have access to three investment opportunities: inalienable human capital, a risk-
free bond, and a stock. Each agent is endowed with an initial quantity of human capital
H,,. This quantity may represent capitalized labor income, private business wealth of en-
trepreneurs, and other assets with concentrated or non-traded ownership. Human capital
depreciates at a rate 0 and produces the consumption good at a rate a. Let us denote the
output (income) from agent i’s human capital by Y;, = aH;;. Agents can choose to invest in
their own — and only their own — human capital at a rate x;, yielding a percent increase
in the capital stock of ®(z;) = ilog (pxi +1).21 Investment is purchased in a capital in-
vestment market in exchange for output Yj;; in equilibrium, this market assigns an implicit
price g;; to the capital stock, meaning ¢;; H;; represents the private market value of the asset.
Finally, each agent’s human capital is subject to stochastic quality shocks, some systematic

and others idiosyncratic.?? Specifically, the “ex-dividend” quantity of human capital solves

21This concave investment function captures the possibility of adjustment costs that may render the yield
on investment less than one-for-one. Note that lim, o ®(x;:) = x;; therefore, the case of ¢ = 0 represents
no adjustment costs. Brunnermeier and Sannikov (2014) use a function with similar properties.

22This is similar to the source of risk assumed by several production economies, including Gabaix (2011),
Gourio (2012), and Miller, Paron, and Wachter (2021).
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the stochastic differential equation

dHZ ~ 7.
H- i = (CI)(:E“) — 5)dt —’—\O'dBHt + (e_Zt — 1)dNHE+\O-dBZt + (G_Zn — ].)(szt — T]tdt)l (19)

TV
systematic capital shocks idiosyncratic capital shocks

The Brownian and Poisson shocks are defined exactly as in the preceding sections.?® Instead
of having multiple aggregate jumps with deterministic magnitudes, I simplify notation by
letting the jump intensity be determined by the random variable Z;, which is drawn from
time-invariant distribution v. The distribution of idiosyncratic disaster sizes r is such that
Z; tends to be positive. Consequently, realizations of the idiosyncratic jumps d/N; tend to
be adverse events — “idiosyncratic disasters” like persistent unemployment.

Agents face time-varying cross-sectional risk via stochasticity of the idiosyncratic jump
probability ;. In particular, this probability follows the square-root process (Cox, Ingersoll,
& Ross, 1985)%4

dny = Ky( — 1¢)dt + 05\ /1d By, (20)

where constants are strictly positive and the Brownian motion B, is independent of all other
shocks. Figure 1 shows the stationary distribution of 7 over time, according to the model
calibration below. This distribution is gamma with shape 2k,7/07 and scale o7 /(2k,).

Due to our assumption that there is a continuum of agents, the intensity n has two inter-
pretations. From the perspective of individual agents, it is, roughly speaking, the probability
that human capital will experience a disaster shock. From the perspective of the macroe-
conomy, it determines the proportion of agents that will necessarily experience such a shock.
In both views, we can interpret a higher 7, as a higher degree of cross-sectional risk.

Agents cannot trade claims to each other’s human capital and therefore are unable to
insure against idiosyncratic risks. This is the main sense in which human capital is “in-

alienable” and the market is incomplete in this model. I do assume, however, that agents

can indirectly trade against their human capital by borrowing and lending in a zero-net-

23To be specific, B+ and Bj; are standard Brownian motions; N+ and N;; are standard Poisson processes
with intensities A and 7, respectively. Again, all of these processes are independently distributed both over
time and of each other.

24In the generalized framework, we denoted cross-sectional risk by X and let n; = n(X;). Now, we have
that X and 7 are identical, and so I henceforth simply refer to 7 instead of X.
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Figure 1: Stationary distribution of the idiosyncratic disaster probability
The figure shows the stationary distribution of the idiosyncratic disaster probability 7, which solves

dne = ky(N — ne)dt + oy/1:d By,

according to the calibration in Table 2. The solid line is the probability density function and the dashed
vertical line is the unconditional mean 77 = 0.04. The value of 7 is annual.
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supply riskfree bond with instantaneous return r;. We could interpret this as workers and
entrepreneurs who borrow from retirees and rentiers at some market interest rate r; to fi-
nance their human capital or lever a position in the stock.?’ Note that, because financial
assets are in zero net supply, the aggregate quantity of capital in the economy will always
equal H; = fI H;di, which may vary over time with individual investment decisions x;; but
will be unaffected by either idiosyncratic quality shocks or leverage from trading the bond.

Finally, agents can trade with each other in an aggregate equity claim. Let us consider
a claim to the dividend D, = Yf, where Y; = aH; is aggregate output and ¢ > 1 represents

leverage.?® 1t6’s lemma then implies that

% - (¢((I>(a:) —8) + %fb((b - 1)02) dt + ¢odBp + (¢~ = 1)dNp,. (21

We know from results in the previous sections, then, that the return on this stock satisfies

25A related literature studies the distributional and aggregate implications of exactly this kind of hetero-
geneity (e.g., Gomez & Gouin-Bonenfant, 2020). However, much of this literature takes returns as given or
abstracts from characteristics like risk, missing the feedback between decisions and asset returns. The setup
of this model presents a tractable way in which to understand these phenomena in general equilibrium.

26We could just as easily define the market dividend as the claim to levered aggregate consumption (output
after reinvestment) Cf = (a—x)?HY. Returns on this alternative claim will be exactly the same. Indeed, the
dividend need not be a function of aggregate output at all; it could be modeled as some exogenous process.
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an equation of the form
dRs; = (F7 ' + pgt) dt + 040 dBy + 05 dBpy + (et — 1)d Ny, (22)

where F} is the price-dividend ratio. Evidently, this claim cannot possibly be in positive
supply, for we have already assumed that agents cannot invest in each other’s capital. Thus,

in equilibrium we will impose the condition that the net supply of this stock is zero.?”

3.2 Consumption and investment

To obtain equilibrium prices using the framework established in this paper, we must first
determine the equilibrium consumption processes of individual agents, given the preferences
and investment opportunities assumed in the model. The equations (19) and (20) imply a
Markovian economic setting, meaning that agents’ decisions can be obtained using a stan-
dard stochastic control approach. In this problem, agents choose human capital investment
x;, consumption Cj, and portfolio allocations to the bond and stock (described below),
conditional on wealth W;; and the idiosyncratic jump probability n,. Wealth is defined as

the sum of human capital ¢;; H;; and financial wealth, the positions in the bond and stock.

3.2.1 Return on human capital

In order to solve the consumption-investment problem of the agents, it will be most helpful
to first determine the return on capital. As with any asset, this will depend on the dividend

yield — output, net of reinvestment, divided by the price ¢;; — and the capital gains rate:

j a— T d(qiHyr)
dRY). = Lat + .
H qit Gir—H -

—— N——_——

dividend yield  capital gains

In order to characterize these terms, we can conjecture and verify the dynamics of ¢;;. Fore-

seeing that agents will have constant consumption-wealth ratios and portfolio allocations,

2"That said, there is nothing preventing, say, agent i from going long the stock and agent i from going
short by an equal amount.
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let us conjecture that ¢; is a constant.?® This conjecture implies that the capital gains rate

d(qiHit)/(¢iHy-) = dHy/Hy—-, and thus that the return on agent i’s human capital

R = (S 4 @) = 8) di-+ 0B + (4 ~ N

+6dBi + (677 — 1)(dNy — mudt). (23)
Given this return, we know the dynamics of each agent’s wealth.

3.2.2 Consumption-savings decisions

Let o’ Ht denote the share of wealth invested in capital — that is, the value of human capital
q¢;H;; as a fraction of total wealth W;,. Similarly, let a;t denote the share invested in the

stock. It follows that agent ¢’s wealth evolves as

dW; i Cit
L= ol AR + Y dRg + (1 — o) — ol yrdt —

Lt
Wl‘tf Wit 7

where the return on human capital dR;?t is given by (23) and the return on the stock dRg;

is given by (22). The agent’s value function Vi, = J®(W;,,n,) satisfies the HJB equation

0= { sup {f(oita J(i)<Wit7 7]t>) + Et[d‘](i)(m/ita 7775)]}' (24)
C,t,xlt,ag_l)t,a( 9

[ write it out in full in Appendix equation (E.1).
Solving for the equilibrium decisions requires taking the first-order conditions. First,

consider the first-order condition with respect to investment:

q; = (I)/<£L'Z't)_1 = YTt -+ 1. (25)

28The intuition for this is that we have assumed a unit EIS and ex ante identical agents. Of course, this
will not always be the case. A more general approach that does not rely on conjecture would be to recognize
that g = q;(Hyt, M), so that
)
dai = D dt + T [dBir, dBy] T + (5o — 1)dNgy + 6 dByy + (%o’ — 1)dN;.

qt

This fact can then be used to calculate the capital gains rate and find the unique solution for g;;.
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This is the standard g-theory result in a production economy. Notice that, when there
are no adjustment costs (¢ = 0), ¢ = 1. Second, the first-order condition with respect to

consumption is

o1 = Wiesh) gy . (26)

This is the usual envelope condition: the marginal felicity of consumption equals the marginal
value of wealth. Finally, the first-order conditions of the portfolio shares a%)t and ozgz (writ-
ten out in (E.2) and (E.3)) constitute the usual Merton result with intertemporal hedging,
plus jump terms. These four conditions, together with the HJB equation (24) and mar-

ket clearing conditions, fully characterize the optimal consumption-savings decisions. The

following proposition states the closed-form solution.

Proposition 5. The value function of each agent © € L takes the form

w7 1(n)'
- -\ 2
where
I(n) = exp{ar + b} (28)
for constants
1 1 1
ar=- (cb(x) =0+ brkg] = 5y(0" +6%) + mAEu[B_“_”Z — 1]+ plog P) . (29)
and
5 — -
Eyle-(t-mZ — 1 1 —)E;[1 —e %
by — p+/<n2_ <L’€’72> _ 9 e ]+(227) ol e ]' (30)
(]' - /7)0-77 (1 - 7)0-77 (1 - ’7) 07]

For each agent, the optimal portfolio allocations ay = 1 and ag = 0, optimal consumption

Cy = oW = pqHy,
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and the equilibrium human capital investment rate and price

a—p 14+ a
= , 31
= [1+s0,0 1+90/)] 31

The fact that agents’ portfolios consist only of human capital is obviously unrealistic.
However, this is merely a consequence of the assumption that it is the only positive-supply
asset in the economy. One could easily add other positive-net-supply assets (like stocks,
bonds, and physical capital) without changing the core asset pricing intuition. Likewise, the
simplifying assumption of ex ante identical agents counterfactually implies identical portfolio
allocations. Again, while this would matter if we were focused on matching portfolio-choice

heterogeneity, it is not essential for the asset pricing quantities we are seeking.

3.3 Equilibrium asset prices

We have solved for optimal consumption and proven that it is proportional to the value of

human capital. Thus, the consumption of each agent in this economy solves

gqt = (®(z) — 9)dt + odBpy + (e_Zt — 1)dNHE+€7dBit + (6_2’S —1)(dNy — ntdtl,

endogenous systematic risk endogenous idiosyncratic risk

This consumption process, together with identical isoelastic preferences and a square-root
process for 1, imply that this model is a case of what we have called the affine economy.?
Thus, we can apply the results of Appendix D to determine equilibrium asset prices.
Table 2 summarizes the model calibration. The parameters governing preferences and
macroeconomic aggregates take standard values in the literature, corresponding to U.S. data
after World War II (henceforth, the post-war period). The parameters in Panel C, unique

to the human-capital model, are chosen to match asset pricing moments in the data. More

discussion on these choices follows in the result below.

29Tn the notation in Appendix D, px; = Kpf — Kkyne and loxi|* = 0'%771&- Thus, a square-root process indeed
implies that coefficients are affine in the state variable 7.
30Every result here can also be derived from the conditions of the stochastic control problem we just solved.
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Table 2: Calibration of the human-capital model

The table shows the parameters used in the calibration of the human-capital model. Panel A summarizes
preference parameters. Panels B and C summarize quantities from equilibrium consumption growth

dC’it/Cit— = ((ID(:B) — 5)dt + O'dBHt —+ (eiZt — ].)dNHt —+ 5'dB»Lt + (672“ - 1)(dN»Lt - ntdt)a

where the jump magnitudes Z and Z; are distributed according to v and 7, respectively. Aggregate jump
magnitudes (Z,v) are taken from international consumption growth data (Barro & Ursida, 2008). Panel C
also summarizes quantities from the idiosyncratic disaster probability process n. All parameters are annual.

Parameter Value
Panel A: Preferences
Rate of time preference p 0.03
Relative risk aversion 2.5
Panel B: Aggregates
Drift of aggregate consumption growth O(x)—96 0.02
Normal-times volatility of aggregate consumption growth o 0.02
Aggregate disaster distribution (Z,v) Barro and Ursda (2008)
Aggregate disaster probability A 0.02
Stock market leverage 10} 2
Panel C: Idiosyncratic risks
Normal-times volatility of idiosyncratic growth o 0.1
Idiosyncratic disaster distribution (Z-, V) N(0.1,0.2)
Average idiosyncratic disaster probability N 0.04
Mean-reversion of idiosyncratic disaster probability K 0.065
Volatility coefficient of idiosyncratic disaster probability on 0.07

3.3.1 Riskfree rate

Equation (D.5), the riskfree rate in the affine economy, implies that in this model

re=p+ @) —0—70*—AE, [ (1 —e7)] — <752 + nEp [(e”Z - 11— 6_2)]> . (32)

(. 4
g

idiosyncratic risk

~
standard complete-market model

Figure 2 plots this interest rate in the calibrated model and compares it to the interest rate
that would prevail in the complete-market version of this same economy.

We can separate the riskfree rate into two components. The first is the riskfree rate
that would prevail in a complete market; it is the standard result in a production economy
with static disaster risk. Equivalently, it is the riskfree rate when a representative agent is

endowed with aggregate capital H, = fz H;;di. The second component is the precautionary
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Figure 2: Riskfree rate

The figure shows the riskfree rate in the human-capital model as a function of the idiosyncratic disaster
probability (solid line). The dashed line is the riskfree rate in a complete-market version of this economy, in
which agents can trade claims to each other’s human capital.
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savings from uninsurable idiosyncratic risk, which strictly decreases the interest rate.

As in U.S. data, the model-implied riskfree rate is low. It is substantially lower than
the interest rate that would prevail in a complete market, highlighting the importance of
accounting for cross-sectional risks. Because I assume a normal-times consumption growth
rate of approximately 2%, the level of this calibrated riskfree rate corresponds most closely
to the post-2000 experience. Higher average output growth would allow the model to match
the higher level of real interest rates in earlier periods like the 1980s.

The riskfree rate is also procyclical: it falls when the probability of an idiosyncratic
disaster rises and equity prices fall (shown below). Still, it is relatively insensitive to changes
in the idiosyncratic disaster intensity. Figure 2 shows that an increase of this state variable
from 0% to 10% causes the riskfree rate to decline only about 1 percentage point.?! The next
section shows that this sensitivity is much lower than the sensitivity of equity returns to the

same changes. Thus, the model is consistent with historically low interest-rate volatility.

3.3.2 Stock returns

As discussed in Appendix D, it is easiest to price stocks in affine economies by separately

pricing the equity strips. The 7-maturity equity strip is the claim to the individual dividend

31This is much less sensitive than the interest rate that prevails in models with time-varying aggregate
disaster risk, in large part because I assume idiosyncratic disasters to be much smaller in magnitude: a
decline of about 10% in my model versus 25% aggregate disasters in the Barro and Ursia (2008) data.
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Dy .. The value of the total market is the sum of the equity strips over all 7 > 0.

Lemma 4. The equity strip with maturity 7 has price Pt(T) = D,G(n;, T), where the price-

dividend ratio

GgT) = exp{ac(7) + ba(T)n:} (33)

for functions

ag(T) = (—p + (¢ — 1)(®(x) — ) + (1 — ¢)o® + &%) + AE, [e" 107 (1797 — 1)]

#5000~ 10" = "] (w4 by (1= 9) - ))

n
_ 2K,0 log 2w — (wg + b7 (1 —7) ag — Ky)(1 — e ™a7)
2 2’@0

n

and ~ ~
9B, (7~ 1)(1 — )] (1 )

2w — (we + by (1— 1) 02 — fip)(1 —e"=6T)’

bg(T) =

and constant wg = \/(b[ (1 —=7)02 — ky)? + 2E; [(e7Z — 1)(1 — e~?)] o2

This result gives us explicit equilibrium quantities for the stock’s value S; = D,F;, its
price-dividend ratio F; = fooo G,gT)dT, and the coefficients governing its law of motion (22).

Specifically, the stock diffusion coefficients are

() w _ Fylm) =(_ G
Og = ¢0’ and Ogf = F(nt) Uﬂm: ; m bg(T)dT Unm,
0 t

and the stock price jump coefficient (g, = ¢Z;. While agH) and (g; depend only on systematic

risk quantities, the term agz) comes entirely from cross-sectional risks 7, even though these

two risk sources are uncorrelated (d[By, B, = 0).

Panel A of Figure 3 plots the volatility of the stock, defined as the conditional standard

deviation of its return:*?

Volatility, = \/d[Rs, Rs]; = 1/ UéH)Q + UgZ)Q‘

32Because we are considering the U.S. post-war experience, I assume that there are no aggregate disaster
realizations in the sample.
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Figure 3: Returns on the stock market

The figure shows the conditional volatility (Panel A), risk premium (Panel B), and Sharpe ratio (Panel C)
on the stock market in the human-capital model as a function of the idiosyncratic disaster probability (solid
lines). The dashed lines represent these quantities in a complete-market version of this economy, in which
agents can trade claims to each other’s human capital. Conditional volatility and the Sharpe ratio assume
no aggregate jumps, because there were no aggregate consumption disasters in the U.S. post-war period.
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Note that this is not the same as unconditional volatility, the standard deviation of returns
over a given time interval. Unconditional volatility in this model will be larger, because
it will also include the variance of expected returns, and expected returns vary with the
idiosyncratic disaster probability. Regardless, the economics are clear from Figure 3: the
human-capital model predicts high volatility, conditional and unconditional, of stock returns;
this volatility rises in bad times. Thus, this model explains the high, countercyclical volatility
of equity returns, resolving the “excess volatility” puzzle (Shiller, 1981).

The risk premium on this aggregate claim, then, equals

E
re — 1 = ¢y’ + AE, [(evZ - 11— e?ﬂ)] +br(y — 1)%027715. (34)
t
standard complzge—market model idiosync:;tic risk

Panel B of Figure 3 plots this quantity. As with the riskfree rate, it has two components. The
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first is the standard complete-market, representative-agent result. Agents are compensated
for the covariation of aggregate consumption and dividend shocks. We see that, even with
large aggregate disasters, this premium is small. The second component is compensation for
stochastic cross-sectional risk: time-varying cross-sectional disaster risk affects both marginal
felicity (v > 1/¢ = 1) and the stock’s underlying volatility, generating a higher risk premium.

The risk premium at an idiosyncratic disaster probability of 7 = 0.04 is about 5-6%,
consistent with historical data. The model thus resolves the classic equity premium puzzle
(Mehra & Prescott, 1985). Like equity volatility, the risk premium increases in idiosyncratic
disaster risk. It is also far more sensitive to such increases than is the riskfree rate: an
increase in the state variable from 0% to 10% causes the risk premium to increase by 8
percentage points (versus a 1 percentage point decline in the riskfree rate). The dominance
of this risk-premium effect over the riskfree-rate effect means that the price-dividend ratio
in the model is also procyclical, falling in bad times. In the next subsection, I confirm
this claim using the historical time series of equity valuation ratios. The model then also
explains return predictability: valuation ratios predict excess returns on stocks, despite low
predictability of aggregate consumption and dividend growth (Cochrane, 2008).

Finally, Panel C of Figure 3 shows the Sharpe ratio: the ratio of the stock market’s risk
premium to its volatility. While both the numerator and denominator of this quantity are
increasing in the disaster probability, the numerator dominates, rendering the Sharpe ratio

larger and countercyclical, as in the data.’?

3.4 Does time-varying idiosyncratic risk drive asset prices?

The human-capital model matches a multitude of asset pricing facts. But is this calibra-
tion consistent with the level and time-variation of cross-sectional income risk in the data?
Because the model maps directly to moments in cross-sectional panel data, answering this
question is relatively straightforward. This testability is an advantage over many leading ex-

planations of asset pricing puzzles. For example, Wachter (2013) shows that a time-varying

33The Sharpe ratio is countercyclical because, roughly speaking, the risk premium increases in proportion
to n, while volatility increases in proportion to /7. In some valid alternative calibrations of the model,
this Sharpe ratio is initially flat for lower values of n before it begins increasing; this stark nonlinearity is a
common result in intermediary asset pricing models (e.g., He & Krishnamurthy, 2013).
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aggregate disaster probability can also explain many asset pricing phenomena; however, this
story is based on a state variable that is difficult to estimate in data, especially at high
frequencies, due to the rareness of such events.?* Cross-sectional disaster risk, in contrast,
can be observed directly at the frequency of the panel data, since it is assumed that the ex
ante probability should correspond closely to the distribution of ex post realizations.

The essential quantitative prediction of the model is that time-variation in cross-sectional
income skewness, driven by changes in the idiosyncratic disaster intensity 7, drives contem-
poraneous time-variation in asset pricing moments. There are two equivalent ways in which
to test this. One could infer a time series {7;} from cross-sectional income data and assess
whether the implied time series of asset prices (e.g., price-dividend ratios) matches that in
the data. One could alternatively infer {7;} from asset prices and then assess the model-
implied series of cross-sectional skewness. These are effectively the same test. Because the
model is calibrated to match asset prices, I choose the latter approach.

To execute this test, I exploit the fact that the model implies a one-to-one mapping

between the state variable 7, and the price-dividend ratio on the stock market:

Sy o

= | exodactr) + ba(rimbr

Using a time series of equity valuation ratios, one can invert this relation to infer an exact
time series {7);}.%> For the equity valuation ratio, I use the cyclically-adjusted price-earnings
(CAPE) ratio, detrended with a low-frequency filter to remove secular trends that are not
captured by the model.*® The detrending is done so that the data capture business-cycle-
frequency fluctuations in the series. Panel A of Figure 4 plots the implied time series of
idiosyncratic disaster risk. The series confirms the earlier claim that, in recessions, cross-
sectional risk rises and equity valuation ratios fall — for instance, we see large peaks around

the Great Depression and recent financial crisis.

From this asset-price-implied series {7}, we can calculate an implied series of cross-

34Chen, Dou, and Kogan (2019) refer to this measurement issue in asset pricing models as “dark matter.”

35Wachter (2013) employs a similar procedure.

36 A large macro-finance literature studies secular changes in asset pricing quantities like the price-dividend
ratio (Farhi & Gourio, 2018; Miller et al., 2021). Since the human-capital model does not allow for persistent
or secular changes in macroeconomic variables like output growth, it abstracts from these important facts.
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Figure 4: Time series of idiosyncratic risk

The figure shows the time series of idiosyncratic disaster risk 7, (Panel A) and two-year cross-sectional income
skewness (Panel B) implied by the history of monthly cyclically-adjusted price-earnings (CAPE) ratios on
the U.S. stock market. Skewness is backward-looking: it is the skewness from year t — 2 to year t.
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sectional income skewness. The cross-sectional skewness over the time interval [t — j, ] is

Y, t t t N
Skewnessz <log L ) = Skewnessz (6/ dB;s — / Zisd Ny +/ (1-— e_Zis)nsds) ,
Yiij t—j t—j t—j

where Skewnessz(-) yields the third central moment. The estimated series {7;} implies a time

series of these values for any given interval length j. Panel B of Figure 4 plots the model-
implied two-year skewness over the full sample.?” The estimates are intuitive: cross-sectional
income growth is left-skewed and cyclical (becomes more negative in bad times).

Now we can compare the model-implied cross-sectional skewness to the historical data. To
do so, I use the large income dataset from the U.S. Social Security Administration (SSA), as
summarized by Guvenen et al. (2014). Figure 5 plots the cross-sectional skewness of income

growth from these data over time. The series uses five-year income growth to capture the

37The trends in this series are not very sensitive to the assumption of two-year income. Larger and smaller
time horizons tell the same quantitative story.
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Figure 5: Cross-sectional income skewness: Data versus model

The figure compares the time series of cross-sectional skewness in the data (dotted line) to that implied by
the model and historical equity valuation ratios (solid line). The data measure is the five-year skewness of
income growth from Social Security Administration income data (Guvenen et al., 2014). The model-implied
skewness is exactly as in Panel B of Figure 4.
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permanent component of income shocks.®® Along with these historical data, Figure 5 also
plots the model-implied skewness from Panel B of Figure 4 above.

Evidently, the two series are very close. This is a striking result, considering that all time-
variation in the model-implied skewness series comes from time-variation in equity valuation
ratios. This points to two conclusions. In the first place, a continuous-time model with an
empirically realistic calibration can explain asset prices. Discrete time is not an essential
condition. In the second place, uninsurable cross-sectional risk — namely, cyclical skewness

of shocks to human capital — is an important driver of aggregate asset prices.

4 Concluding remarks

This paper has laid out a heterogeneous-agent framework which fully characterizes asset
prices and has applied it to a parsimonious, quantitative model with inalienable human
capital. The contributions of this paper are threefold. First, it unifies a disjoint literature
on incomplete-market asset pricing, proving strong theoretical results about irrelevance and
return dynamics. Second, the generalized framework subsumes a broad class of economic

models, and may therefore be useful for applications in future work. Third, the paper

38Guvenen et al. (2014) also report one-year income skewness from the SSA data. This shorter time
horizon likely includes a large transitory component not captured in the human-capital model.
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presents compelling empirical evidence that time-varying cross-sectional skewness is a key
determinant of asset pricing moments. In the rest of these concluding remarks, I address
some lingering issues and discuss promising extensions of this paper.

The results of this paper bring to light a tension between discrete- and continuous-time
models. One might dismiss this tension, asserting that one or the other timing assumption is
simply inferior. Whether time is discrete or continuous is obviously a deeper question than
I can address in these remarks. Regardless, I take the stance that it is less-than-ideal for the
validity of an economic theory to operate under one time discretization and not the other.?”

The present study resolves this tension by showing that incomplete markets may still
matter in continuous time, both in theory and in the data. In the human-capital model,
non-separable preferences act as a way of preserving the economics without relying on a
particular timing assumption. One might object to non-additive preferences; however, this
may not be the only path to reconciliation. While a major contribution of this paper is the
addition of Poisson jumps, infinite-variation Lévy jump processes can restore the conventional
jump intuition (Protter, 1992; Cont & Tankov, 2004). My discussion of this possibility lays
the groundwork for extending the results in my paper to the full set of Lévy processes.

Although the framework in this paper considers only asset prices, it is well-suited for
addressing a broader set of macroeconomic questions. An emerging literature in macroe-
conomics explores the effects of heterogeneity and incomplete markets in continuous time.
An overlapping literature studies the evolutions of the income and wealth distributions and
their implications for macroeconomic quantities.*’ In light of these papers, one sees how the
heterogeneous-agent asset pricing framework in this paper presents a tractable way in which

to jointly determine asset prices and other macroeconomic quantities in general equilibrium.

39This is not the first instance in which this controversy has arisen. A recent example is the response of
Campbell and Cochrane (2015) to Ljungqvist and Uhlig (2015). Ljungqvist and Uhlig (2015) point out that
periodic endowment destruction is welfare-improving in habit models, because it increases future surplus
consumption. Campbell and Cochrane (2015) dispute this claim by showing that this result is “fragile,” in
that its validity is contingent on the way in which the model is discretized.

40These studies are often based on the Aiyagari-Bewley-Huggett model (Aiyagari, 1994; Bewley, 1986;
Huggett, 1993). In a recent article, Achdou, Han, Lasry, Lions, and Moll (2021) present a heterogeneous-
agent framework characterizing the dynamics of the income and wealth distributions. Heterogeneous-agent
models have also been proposed as alternatives to conventional new-Keynesian models (e.g., Kaplan, Moll, &
Violante, 2018). Furthermore, Hubmer, Krusell, and Smith (2020) identify sources of rising wealth inequality
in the U.S., finding that heterogeneous portfolio choices are a key factor. Indeed, in his comment on their
paper, Moll (2020) emphasizes that endogenizing asset prices is critical for understanding these issues.
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A  Proofs of results in Section 2.2

Proof of Lemma 1. Equation (8) follows directly from the results of Duffie and Skiadas (1994). Note that,

applying It6’s lemma to (8), we get the law of motion

(@)

(i) T )
dm; P 7 X, .
ATt _ ()dt—i— (fcq,tcn (6’1)5+ ;Xto_Xt> dBt+Z <fc it—€ < - +Cxy )_1> dNt(J)

it~ fé’t) ((;t) i=1 fo(Ci- aXt*)

F9 fe(Ci-, Xi-)

: o _Et X _
+ fcc.’tCit&tdBit + <fC(C” e Xe) 1) ANy, (A1)
Ct

where subscripts denote partial derivatives of fo (e.g., fox = 0fc/0X), and where the drift term

0 .

) . fCC i 7 fCX

O =+ (i)7t Cit (N(ci — (e = 1)) + (i;t e
fCt Ct

(@)
1 f 1 f f %
1L CCCtCZQt(| Ct|2 52) + = CXXt| oxi? + C?§7tcitUéZTUXt- (A2)

2 fclt 2 Ct Ct
For notational ease, we can rewrite (A.1) as
dm;
Wit _ 1 Dae 4 e DT aB, +Z G 1)AND 4 ,dBy + (50— 1)dN,
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where the coefficients (., (03) and &Zt) are well-defined because f¢ is strictly positive.
We will prove the condition for the risk premium (11) first, then show that it implies the condition for
the riskfree rate (9). By the assumption that all agents are unconstrained in their portfolio allocations, we

have that, for any agent’s state-price density process m;,

S, =, U Tis p, ds].
t Tt

The absence of arbitrage implies that this holds for any time s > ¢, so, after some algebraic manipulation,
this expression implies

t s
'/TitSt —+ / WluDudu = Et |:7T1'SSS + / ’/Tiu.DudU:| .
0 0

Therefore, m;;.5; + fot TiwDydu is a martingale, and so it is a local martingale:
Et [d (ﬂ'itSt)] + ﬂ'z‘tDtdt =0.

Applying [t6’s lemma, we can expand this as

(1.9) _ () (i D
pse+ Eo[ul] + o7 USt+Z)\(]) (eS8 — 1) +E; [C” _1}4' St =0, (A.3)
Jj=1 !
which rearranges to
D+,USt+Z)\j) 5 1)+ By [ +Z/\<J e’ 1) + K, [ «t—1}
St = 7Tt
TSt Et[dﬂ'it/(ﬂit,dt)]

= T{'Zt ost + Z )\(j) [ ¢ - 1)(1- e_cm)} )

—E[d[mi, Rs]e/ (7, — dt)]

All that remains, then, is to show (9). To see this, one need only recognize that, letting @; denote the price

of the riskfree asset,
i,
Qt

This asset is like a stock with no dividends and no diffusion or jump terms, meaning that the arguments

= Ttdt.

above all carry through with (A.3) simplifying to
e 4+ Eglp +ZA(3> ¢ 1)+ Es [ wt—l} 0,

which, of course, is equivalent to (9). O

Proof of Lemma 2. Let us begin the proof by conjecturing that the value function indeed takes the form
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(12). In this case, we can evaluate each of the elasticities governing the state-price density process (A.1).

First, we have the coefficients of relative risk aversion

(@)

,%CM = .
Ct

Similarly, the Kimball (1990) coefficients of relative prudence are

feto
CCt

Agents’ aversion to cross-sectional risk also show up in the state-price density process, taking the form

fexa _ ( 1) Ix(X)

Cw) I(Xy)

0]
ct
This is a semi-elasticity of marginal felicity with respect to cross-sectional risk. It captures the percent

increase in marginal felicity given a percent decline in X. We can likewise define the cross-elasticities

() 2 ()
CXX,t _ 1 Ixx(Xt) Ix(Xy) COXt oy 1Y\ Ix(Xy)
e () (B (BE)) e oo (oo 1) G

(
Ct Ct

Finally, the same mechanisms are embedded in the marginal felicity jumps from systematic and idiosyncratic

jumps:

G i i 1/9—~ _
fo(Cu-e™e” X + ¢R) _ e (I(Xt+<§22>> ond J(Came™® Xpo) g,

fC(CitfaXt’) I(Xt*) fC(Cit*aXt*)

For the purposes of this proof, the important fact about these expressions is that they are all identical across
agents (with the exception of the marginal felicity jumps, which contain consumption growth interactions).

Consequently, changes in state-price density (A.1) become

dmi (%) () 1Y Ix(Xy)
2t — N ¥ B
Mit— ot It Voct V) I(Xy) oxt) 4B

0 y Oy
v [ I(X,- j C
+3 0 [ece” <(It(X+C)Xt)> —1| dNY) —~6,dB; + (em - 1) ANy, (A4)
-

j=1

where

, . . 1\ Ix(X 1 N
) = £ = (= e =) = (3= ) S e+ 527+ D0 + 32)

V) I1(Xy)
1 1 Ix(X)\?  Ixx(Xy) ) 1Y Ix(Xe) ()
w3 () () -5 et 0 (3 5) oo
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Aside from the idiosyncratic shocks {dB;, dN;}, these expressions differ across agents only by the coefficients
{uCt,aCt, {C(w J3n_}. The result that these coefficients must be equated across agents follows from the
no-arbitrage condltlons for the riskfree rate and risk premia — (9) and (11), respectively. For each agent 4,
the excess return expressions (11) constitute a system of n 4+ m linear equations in the n + m coefficients
{JCt,{exp{ Yo iy )}}" 1}. These equations are, by assumption, non-redundant, so the solution to this
system must satisfy {cht, {C(W) n = {ag;), {C(l ) ?_} for all (i,7) € Z x Z. Since coefficients must
be equated across agents, imposing goods-market clearlng fI Ciidi = Cy implies that {O'Ct, {CC -:1} =

{Uo,{C(j )}’-L= }. Given this fact, the riskfree rate (9) becomes affine in ,u(oi for each agent. Identical

()

argumentation then implies that us, = pe for all 4+ € Z. This proves the claim in the first part of the

lemma.

To complete the proof, we must verify that J(Cj;, X;) takes the conjectured form. By definition, we have

(Clt7Xt |:/ f CZS7X :|
As we did in the proof of Lemma 1, we can rearrange this with some algebra to get that, for all s > ¢,
t _ s
ICw X0+ [ F(Coun s =B [(C X+ [ F(Cun X
0 0
The left-hand side of this is therefore a martingale, and so it must be that
E([dJ (Cie, X1)] + f(Cit, X¢) = 0.

This is the usual HJB equation. Applying It6’s lemma, this HIB equation expands to the partial differential

equation

0= Joe (pe — n(x)Es [ @20 1) + I (o)
1
+ §J0062 <|(70|2 + 5’(.73)2) + 5Jxx|0’x(.r)|2 + JCXcUgax(JZ)
- ; _cW i
+ 309 [J(ee™d w4 (P (@) - J(e,)]
j=1

+1(@)Es [J(ce @D, 2) — J(e,0)| + Jle, (e,a)). (A5)
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Substituting in the conjecture (12) and dividing by ¢!~7I(z)!~" gives us the ODE

0= pc — 1(@)Es [e=<@D 1] = 1y (joc? + 6(2)2) + (px(2) + (1 = y)olox(z))
2

( [X(SC)2 _ IX)((I)
7 I(x)? I(x)
(4)

+Zk(j)ﬁ o= (WM) 1| + f(z), (A6)
j=1

1 2 U g [o-0-i.2)
: )lox@l? + )55 [ 1]

I(z)
for
* P -1 _ .
by = Lot ex) ) Ty T@P =) i v .
J(@) = cA=I(x)l-r (A7)
—plogI(z) if =1
This verifies the conjecture and determines the solution to I(x). ]

Proof of Lemma 3. By the assumption that all agents are unconstrained in their portfolio allocations, we

have that, for any agent’s state-price density process m;,

S, = E, U MDSds]. (A.8)
o

T4t

Moreover, for all s > ¢, the solution to the stochastic differential equation (7) can be written as

D, = Dyeli (#p=3lop®)dut [} ohdBu—S7, [7 (5 aN(

= D\L({By, N9 :we|t,s],j€{1,...,n}}).

In words, the future dividend Dg can be expressed as the product of the current dividend D; and some
function L that is independent of D. (The same is true if we allow the coeflicients up, op and Cg) to
be functions of X.) We have shown in the proof of Lemma 2 that the state-price density term m;s/m;; is
a function of X over horizon [t,s]. Hence, using the fact that all of these variables are Markovian, the
expectation in (A.8) must evaluate to

St - DtF(Xt),

for some function F, as claimed. Now, applying It6’s lemma to this price process, it follows that the
deterministic drift coefficient

Fx 1 Fxx,

J— t p—
/~LSt—/~LD+7t ,UXt+2 7

F
loxe|? + %agam, (A.9)
t

and the diffusion and jump coefficients equal those stated in the lemma.
To characterize the solution F', we need only apply the equilibrium return relations (9) and (11). Because

we have proven that S; solves a stochastic differential equation of the form (10), we can apply Lemma 2 and
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use the fact that each m; solves (A.4). It follows that F' solves the differential equation

)
Fo) — ps(a +Z>\<J @O 1)) = (roc + (1= 1) Kox@)) aste)

rs(z)

n . ) /= .
; @ [ I(z+ ¢ (x)) e
+ 5720 | [ eree” [ AETSX ) ~1 (1 — eSS ($>) . (A.10)
2 0
where the stock-return coefficients pg(z), os(x), and C(j)( ) are defined above, and the interest rate r(z) is

stated explicitly later in the paper. O

B Proofs of results in Section 2.3

Proofs of Propositions 1 and 2. Suppose o™ = 7GM | almost surely, for all agents i and i’. Then each

of the coefficients in the equation (A.4) must be equated across agents. Because we have assumed that
d[B;, Byt = d[N;, Ny]y = 0 for all ¢ # 4/, and because fgg/fé%t is strictly non-zero, it must be that, almost
surely, 5(X;) = 0 and n(X;){(X;, Z;) = 0. The state-price density process (A.4) simplifies to

n
dggf = <fv — e + 572(7 + 1)|ac|2> dt — yoldB; + ; (evcﬁ,@ _ 1) AN (B.1)
Setting 6(x) = n(x){(x,Z) = 0 in the ODE (A.6), we also get that I(x) equals some constant I. Con-
sequently, the ODE (A.10) implies that the price-dividend ratio F(z) reduces to a constant F'; thus, the
equity-risk coefficients are as stated in Proposition 2.

By these results, it suffices to solve for the riskfree rate and risk premia in the incomplete market and
then evaluate it in the complete market by setting &(z) = n(z)C(z, Z) = 0, I(z) = I, and F(x) = F. The

proofs of these incomplete-market returns are completed below. O

Proof of Proposition 3. Substituting the state-price density process (A.4) (with the proper consumption-

growth coeflicients) into the riskfree rate expression from Lemma 1 implies

re= =100 + 20 = -+ Dlocl + 5007~ (5 =) X (ux() = (1= 9)oZox(60)

Xi)
) (R ) B e

. 1—y
n ) . I(X () ~ =
~3A0 ek (W) 1| —nEs {eth — 1A y(eS 1)} . (B.2)
j=1

For the sake of both mathematical simplicity and economic intuition, it is useful to derive an equivalent
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expression for fy; in terms of exogenous values. Note first that

1 P 1/9p—1
frlo) == (7= 3 ) T @ -

Second, rearranging the ODE (A.6) for I(z), we have that

- —F (1(96)1/“’_1 - 1) P SCO P (loc|* +&()?)

1—1/4 I(z) 2
— 5 (VB B oo+ (- B
et e (Mo T
+n(z) 7 i ’y]ED [67(177)5@’2) -(1- 7)675(90,2) — ’y} . (B.3)

Combining these facts implies that the marginal felicity of value is equal to

fv(x)=—p— (; - 7) (uc + If((;;) px (x) — %7 (loc]? +a(x)?)

X 2 T X
-5 (s - B P+ (- ) X oTox (o
n _ () 1=y
. ; A ! , e~ (1= (W) _1
+ (@) i E, [e—ﬂ—ﬂf(mi) 1 (1—A) (e 1)]). (B.4)

Now we can substitute in the expression (B.4) for fi/(X;) into (B.2) to get the riskfree rate expression stated

in the proposition. O

Proof of Proposition 4. The expression follows simply from substituting the state-price density process

(A.4) (with the proper consumption-growth coefficients) into the risk premium expression from Lemma 1. [

C Proofs of results in Section 2.4

Proof of Theorem 1. That these two conditions together are sufficient for relevance follows from the risk
premium expression (18). Since preferences are non-additive, v # 1/4; since cross-sectional risk is stochastic,
Ix(z)/I(x) # 0 and I(z + (x)/I(x) # 1. Thus, because shocks to cross-sectional risks are correlated with

shocks to equity returns, either o fog # 0 or ng)géj) # 0 for some j. If 005 # 0, then the Brownian term

is strictly non-zero; if ggg)ggj ) # 0 for the jth jump, then the premium term for that jump is strictly different
from the corresponding complete-market term in (16).

To see sufficiency, consider what happens to risk premia if either condition does not hold. Suppose
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shocks to cross-sectional risks are uncorrelated with shocks to equity returns: oyog = g)g 9 =0 for all
j. Because oyos = 0, the Brownian risk-premium term disappears. If C % Cg ) # 0, then all jump terms
collapse to their complete-market counterparts: either Cg) = gj ) = 0; or ng) = 0 when gj ) = 0, so that
I(z 4+ C;g))/l(m) =1; or Céj) = 0 when ng) # 0, so the entire term is zero in both the incomplete- and
complete-market economies. This proves that cross-sectional risk must be correlated with equity risks, no
matter what form preferences take.

Now suppose agents have time-additive power utility: v = 1/1). Clearly, the risk premia expressions (18)

and (16) become identical. Thus, non-additive utility is also necessary for relevance. O

Proof of Theorem 2. Before establishing the necessity and sufficiency of this conditions, let us consider
the implications of stochasticity in cross-sectional risk for equity risks. Recall that the general-equilibrium
stock price coefficients are
ost =0p + %JXt and e—Cg,,) = e_cg>w

They differ from those in the complete market if and only if F’ depends on X. Recognize also that, whenever
X is time-varying, the riskfree rate r is a function of X in the incomplete-market economy. Thus, from
the differential equation (A.10), we can conclude that the price-dividend ratio F is a function of X if and
only if X is time-varying. As a result, these stock price coefficients depend on ox; and C v¢» and it must
be that X is correlated with the stock: either oy,05: # 0, C(J) (]) # 0 for some j, or multiple of these.
In the complete-market economy, however, F' is independent of X, and thus so are the stock coefficients.
In summary, saying that cross-sectional risk is stochastic is equivalent to saying that it is stochastic and
correlated with the stock (condition 1 from Theorem 1).

Now let us establish that these conditions are sufficient for relevance. Suppose cross-sectional risk is
stochastic (condition 1) and felicity is non-additive (condition 2(a)). The sufficiency of these conditions
follows from Theorem 1, since cross-sectional risk is stochastic and correlated with the stock. Now suppose,
alternatively, that cross-sectional risk is stochastic (condition 1) and correlated with aggregate consumption
growth (condition 2(b)). In mathematical terms, this means olox; # 0, (o ( ) (] ) ; # 0 for some j, or multiple
of these. If ol ox; # 0, then the incomplete-market risk premium has a nonzero term yolox; # 0 that is
not present in the complete market. Similarly, if (g ) ggz # 0 for some j, then the jth jump term in the risk

premium expression must be strictly different from that in the complete market. Specifically, if v = 1/1,

@) o L F(Xe + )
AV [(e”c 1) (1 e ¢ 7F(Xt7)Xt )

which is strictly different from the corresponding complete-market term because Cg ) and ngt) are strictly

then this term becomes

non-zero and, in turn, F(z + ng))/F(m) # 1. Thus, conditions 1 and 2(b) are sufficient for relevance.
The necessity of stochastic cross-sectional risk (condition 1) follows from the arguments above and in

the proof of Theorem 1. If it is non-stochastic, then the equity-risk coefficients og and ¢ éj ) are the same

53



in the complete- and incomplete-market economies. Moreover, if cross-sectional risk is non-stochastic, then
it is certainly not correlated with equity risk. Thus, by Theorem 1, risk premia are unaffected by market
incompleteness (regardless of preferences), proving that this condition is essential.

Finally, let us show the necessity of at least one of conditions 2(a) and 2(b) holding. Suppose neither
holds: v = 1/v¢ and O’EO’X = (g)cgz = 0 for all j. Then the equity-risk coefficients are the same as in the
complete market, and the risk premium expression (18) and (16) become identical. Thus, it is necessary

that at least one of these hold. O

D Details of the affine economy from Section 2.6

This section lays out the affine economy discussed in Section 2.6 and used in Section 3 of the main text.
This section makes two generalizations to the main framework from the paper. First, it allows jump-risk
coefficients ( to be functions of random variables Z. This is just to map the framework to the human-capital
model in Section 3. Second, it allows dividend-growth coefficients up, op and Cg) be (affine) functions of

the state variable X. The defining assumption of the affine economy is as follows.

Assumption 7 (Affine coefficients). The coefficients above take the explicit form

px(@) = 10 + 10z n(z) = 7O + 70z
ox(@)? =5 + 0z uo(e) = iy + i
x (2,29 = 29 oz, Zm) _ Z(a)
G(z)? =50 + 50y ox(x) op(a) =) + o\ he
f(aj,Z) =7 UCJD(x) = ’(O) 682)37

where all of the scalars satisfy the conditions specified in Section 2.1. Furthermore, the Brownian shocks to

aggregate consumption growth and cross-sectional risk are uncorrelated: olox, = 0 almost surely.

We will henceforth refer to the special case of the isoelastic economy in which this assumption holds as the
affine economy. Notice that Assumption 7 represents an approximation of the full isoelastic economy if we
take first-order Taylor expansions of the true coefficients, so long as UEUXt = 0 and the jump magnitudes
(x and C~ do not depend on X. The reason the affine economy is of interest is that it yields fully explicit

solutions for the value functions and, in turn, asset prices and returns.!

Proposition 6 (Value function). The value function of each agent i € T takes the form (12) with

I(x) ~ exp{as + by}, (D.1)

!Thus, while one might find reason to object to the restrictions imposed on coefficients in this setting,
the analytical solution admitted by them provides valuable intuition that can inform numerical solutions in
more complicated economic settings.
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where the constants

1 1 - (0)
= (k! ky — b
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—%v (lac|2+5( )—be °>+ZA<J>

E o [e—u—v)(zg’—szEP) _ 1}
Vex

+ ﬁ(o)%Eg [e*l*wz —1—(1=ry)(e % - 1)}), (D.2)

and

e —(1) 2 (1—)5M — OE; |e=Z(e7Z — 1) + y(e~Z — 1)
ko ko Hx v n v
b (1) < X5 +92 . (D.3)

(1-9)oY (1-7)5% (1- vf&&é’

for ko = exp{logp+ (1/¢ — 1) (a; + biE[z])} and k1 = ko(1 — log ko).
When ¢ = 1, the solution (D.1) is exact and the system of equations (D.2) and (D.3) continues to hold
with limy_,1 ko = p and limy_1(kologp + k1 — p)/(1 —1/¢) = 0.

Proof of Proposition 6. Conjecture that I(z) is exponential affine in z, as in (D.1). Suppose first that
1 # 1. Given this conjecture and our assumption of affine coefficients, the ODE (??) from Proposition ??

becomes

1 = =
0=pc+ @ +7M2)E; {1 —e ] + bl(ug() + ;&) ) — 37 (\Uc|2 +6©@ 4 U(l)x)

1 1 o )
— - EY 4o +ZA By [t ]

70 4 (D) E- [ -(1-vZ _ 1} P (1/¥=1)(ar+biz) _ 1y (D.4
+ @+ m)1 v le +171/w(€ ). (D.4)

Now take the first-order Taylor approximation

1
e/ D@rtbin) o oy 4 kg (Ing + (¢ - 1) (ar + bzfﬂ)>

for ko and k; defined in the proposition. Substituting this back into the HJB equation and collecting the

constants and the coefficients in x, we get two equations, (D.2) and a quadratic in by:

1 - ~

I = _ (- -
0= 5 (=)0} + (%~ kolbr = 576 + 70 s 7077 — 1= (1 =97 = 1)].

l\DM—l

1—

We thus have the explicit solution given in the proposition:

ko — Y ko — iy 2 (1= y)e™ - R, { Z(e7Z — 1) 4 y(e=% — 1)}
b’_im 7<1> +2 ey :
(1-=7)ox (1-=9)ox (1-=7)0ox
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While mathematically there are two solutions to by, only the negative root makes economic sense. One of
several arguments for this is given by Wachter (2013): in the event that 5 = 70 Z = 0, cross-sectional
risk should be irrelevant to the value function (by = 0), and this only occurs for the negative root.

When ¢ = 1, we can replace p(e(t/¥=D(@rtbrz) _1)/(1 — 1/4)) with —p(a; + brz) in the ODE (D.4).
Notice, then, that the ODE in this case is identical to that in the case with a first-order Taylor approximation
with limy_,1 ko = p and limy_1(kologp + k1 — p)/(1 — 1/¢) = 0. Of course, we have not made any such

approximations in this case, so our solution will be exact when ¥ = 1. O

From an economic perspective, the important quantity here is by. Notice that the semi-elasticity Ix /I,

which shows up in the returns in the isoelastic economy, equals the constant b;. Suppose v > 1, 5’&1) > 0,

and ﬂgp

< 0 — a natural assumption, if we want X to be stationary. Then b; is strictly negative if and
only if the second term in the square root of (D.3) is strictly positive, suggesting that increases in cross-
sectional risk have an adverse effect on agents’ continuation value. If, alternatively, markets are complete,
then 6 = 7(1 Z, = 0 implies that b; = 0.

Now that we have an (approximate) explicit solution for the value function, we can substitute I(z) into

the asset pricing solutions from the isoelastic economy.? We can begin with the riskfree rate.

Proposition 7. The riskfree rate in the affine economy is given by

1 1 /1 P
TR P+ — e — =Y ( + 1) (Joc? +6© + 61 X,)

T2\
1 1 1
+ 57 (7 - ) ( - 1) (6% + %' X0)

)\
- ZAQ)E () {67Zg>+b[(17)z§g> <1 - WyeZg)> - 1_1/1/’]
P 1=y 17
0 . - ;1 =~ 7\ 1-1/p
— (7O +gVX)Ey [(Z - =) (1- L—Le ) - ——LZ|. (D.
(n™ +n t) u[(e 1/})( T~ e ) T (D.5)

This expression is exact when utility is time-additive or the EIS ¢ = 1.
Proof of Proposition 7. Simply substitute I(z) and the coefficients into the general expression (17). O

The intuition for this expression is as in the isoelastic economy; now, however, we see explicit, linear
dependence on X. Suppose X; is positive. If idiosyncratic Brownian risk is increasing in X (5(1) > 0), then
there is a precautionary savings motive that strictly decreases the equilibrium interest rate, the magnitude
of which is greater in times of high cross-sectional risk. This effect is unambiguous in that it is true for
all combinations of v and . Moreover, the term in the second line of (D.5) represents an effect from the

volatility of cross-sectional risk. It contains a joint effect of aversion to cross-sectional risk (y relative to 1)

20One may wonder whether the approximation in the case that the EIS 1) # 1 is reasonably accurate in a
jump-diffusion setting like this one. Tsai and Wachter (2018) show that it is: in a complete-market economy
that yields a solution similar to this one, the analytical approximations are close to a numerical solution of
the full non-linear system.
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and an intertemporal substitution effect (¢ relative to unity). Provided that the volatility of cross-sectional
risk is higher in times of high risk (5&? > 0) and agents prefer early resolution of uncertainty, the sign of
this effect comes down to the EIS: if ¢b > 1, it is negative; if ¢ < 1, it is positive; and if ¢y = 1, it is zero.
Finally, there exist analogous effects related to idiosyncratic jumps, but these cannot be separated. If we
shut off the latter channel by setting 1) = 1, then we see a similar effect to that above: if the cross-sectional
jump probability is increasing in X (ﬁ(l) > 0) and idiosyncratic jumps are always adverse events (Zt >0
almost surely), then there is a precautionary savings effect that necessarily reduces the riskfree rate and is
larger in magnitude for large X;.

Using this riskfree rate expression, we can solve explicitly for the price of the stock. In the affine
economy, this task becomes easier if we first individually price the equity strips for each maturity 7 > 0. The
T-maturity equity strip is the claim to only the dividend D, .; thus, the stock is the total of all the equity

)

strips. Letting Pt(T denote the price of the T-maturity strip, the total market is worth S; = fooo Pt(T)dT.

Lemma 5. The equity strip with maturity 7 has price Pt(T) = D;G(Xy, T), where the price-dividend ratio
G\ ~ exp {ac(7) + ba (1) X, } (D.6)
for functions ac(7) and bg(7) that solve the system

d 1 1 1 _ 1 1 1
") — - Juet gy (5 +1) Qocl +59) - 308 (1= 1) (5 -1) o

+3 AR, |:e—(1—»y)Z(Cj)+b1(1—fy)Z§g) <ezg>—zg)+bc(7)zgg‘> - ’Y) n 1 - 1/?#}
cX
=1

1—7v 1—7v
. 7 L\ (W=7 -z 1-1/%y
(o) () 2
K (0 L—v 1=
1 1
8+ by + gho(r o) =0y —br (1= 3 ) (o8 + betrio?).

and

(e i)
) z_Y\(W=n,z_ =1
IECV{(e7 T/’)( T e 1)+ 1=~

1 1
+ i) + (Y + 5be(7)%5%) —aCp — b (7 - w) ba(r) (7h + ba(1)a)

subject to ag(0) = bg(0) = 0. Thus, the stock price takes the form Sy = D F(Xy), where the price-dividend

ratio

F(Xy) ~ /000 exp {ag(7) + ba (1) X }dr.

These solutions are exact when utility is time-additive or the EIS ¢ = 1.
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Proof of Lemma 5. Recall the differential equation (A.10) characterizing F'(z) and its derivation in the
proof of Lemma 3. Using the exact same arguments as in that proof, we can derive an analogous PDE for
G(z,7) with boundary condition G(z,0) = 1 (the zero-maturity strip is just the claim to the current cash
flow, so Pt(o) = D;). Now, we can substitute our conjecture for G(z,7) into this PDE to get the relation

_ _ _ _ dag(T dba (T
r(z) = ug) + ug)x + bG(T)(,u()?) + ,ug;)x) — CC;T( ) — dG’](' )

+3 Ay, {SWZg)*(Vfl/lﬁ)ngg)(S*Zg)erG(T)chj) - 1)]
j=1

1
T+ §bc(7)2(6g?) + 6&?3:)

1
— 7(6(691)3 + 52%:6) — by (’y — ¢> (5&?33 + 5;3336 + ba (1) (63?) + 6&”:3))
Substituting in the solution (D.5) for the riskfree rate and collecting constant terms and coefficients in x
gives us the system of equations in the lemma. Clearly, this is exact when b; (i.e., the solution for the value

function) is exact, which occurs in the case of time-additive utility or unit EIS. O

We have thus reduced the problem to solving two first-order ordinary differential equations (ODEs). As
long as these solutions are well-defined, one can simply solve the second ODE for bg(7) and use this solution
to solve the first for ag(7).> These solutions in hand, the risk premium and return process on the stock

follow straightforwardly.

Proposition 8. In the affine economy, the risk premium on the stock is given by

1 S D _p (e &) e
TSt — Ty R 7agas,g +br (’y — ¢> U;';tast + Z )‘(j)Eugj( [(ewzc br(y=1/¥)2%" _ 1)(1—e Csi )} , (D.7)

j=1

where the stock diffusion coefficient

o oo - exp{ac(T) + b (7)X+} o
TSR </0 bt )fooo exp{ag(T) +bG(TI>Xt}dTId ) Xt

and the jump coefficients

< o ([T explac(n) he() (X + ZEDY
o fo exp{ac (') + ba (') X, }dr’

This solution is exact when utility is time-additive or the FIS ) = 1.

Proof of Proposition 8. Substituting the results of the affine economy into the corresponding equations

from the isoelastic economy yields the results in this proposition. O

3The second of these ODEs is a Riccati equation with constant coefficients and thus has a known explicit
solution. The ways in which we can express this solution will depend on the parameter values, so I defer
writing this explicit solution until the model in Section 3, where I put economically meaningful restrictions
on the parameter space.
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The interpretation of this result is like that in the isoelastic economy, but now, up to a basic integral,
the expression is an explicit function of X. As discussed above, three assumptions matter for determining
the effect of market incompleteness on risk premia. First, we know that for there to be any effect at all in
this case, utility must be non-time-additive. Second, if this is the case, we can look to the the signs of the
semi-elasticity Ix /I = by and of the covariance U;tas,&. Evidently, the irrelevance results that held in the
isoelastic economy continue to hold in this special case. So as not to belabor the point, I pursue further

discussion of this result in Section 3 (the human-capital model), for which these results continue to hold.

E Proofs of results in Section 3

Proof of Proposition 5. The HJB equation (24) can be written out in full (suppressing ¢ subscripts) as
0= sup {J‘E‘i,) <Wi [ag) (Cl_xi + ®(x;) — 0 — nIE,;[e_Z -1] - r)
{Ci’m“ag) a(z)} qi
+al (F'+ps—r)+ r} — C-) + I k(7 —n) + Jéf, WiaPoWa, /n
n %Jéé)WWf ((ama +a(%(’”) + o252 +a§_§)2&2) Jn;) oon
B [TOW(1+ o) (77 = 1) + ad (e = 1)), m) = TO (Wi, )]

1By |1 (W1 + afg (e 1>>,n>J<i><wi,n>]+f<c¢,J<i><wi,n>>}. (B1)

The first-order conditions of the capital share a%)t is

)

0= 79 W, ( Tt (i) — 6 - mBsleZ — 1] - n) + I W2 (afih(0? +5%) + alloos)

AR, [JO) (Wit (14 a8 (77 = 1) + al) (et — 1)), my)]

+ By [J0) (Wa (1 + afi(e™? = 1),m)], (E.2)

and that of the equity share O‘(St) is

0= JOWaalF + pise = o) + Ty W (a8 (060 + 0 §)%) + a;gm&)

+ I Wieo S o /i + AE, [JE (Wir(1+ ol (€77 — 1) + al) (et —1)),m)].  (E.3)
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Conjecture that the value function is indeed of the form (27)-(28). The first-order condition for the capital
share (E.2) becomes
a— Tit % (i)

0= m + ®(2it) — 6 —miBsle™? —1] —ry — v (oth(U2 +62) + agt)JJSt)

FAE, [(1+ ol (e7Z — 1) + af) (e — 1)) (e — 1))

+0Es [(1+ afg(e? — 1) (e 7 —1)].

Likewise, the first-order condition for the equity share (E.3) becomes

0= e (o108 + o)+ afons) +0 - rollony
+ AE, [(1 + a(l_?t(e*Z - 1)+ agz(e*CSf _ 1))7v(6745t _ 1)]

Notice that these two conditions are identical for all agents, so it must be the case that oz%)t = a%t) and

a(siz = ag;) for all (i,4") € T x Z. The fact that the stock is in zero net supply then implies that ag = 0.

Similarly, the fact that the bond is in zero net supply means that

Oz/Wit(l—ag)t—a(sit))di:/Witdi(l—aHt),
v v

which can only hold for ay = 1. Now, substituting the value function into the envelope condition (26)
implies that
Cit = pWiy.

Since ay = 1 and ag = 0, every agent holds a zero position in the bond and stock, and wealth simply equals
the value of an individual’s human capital: W;; = q; H;;. Finally, note that this value of wealth, clearing of

the goods market (Cy; = (a — x;4)H;t), and the optimal consumption policy combine to imply that
a — Tit = Pgi-

From this equation and the first-order condition for capital investment (25), we get the solution for x and ¢
stated in the proposition.

All that remains is to verify the conjecture for the value function. Substitute the conjecture and the
optimal controls into the HJB equation (24), and divide by W, 7 I(1;)'~":

> 1 o1
0=(z) =6 = mBEsle™” = 1] + brrey (i1 = me) = 57(0% + %) + 5 (L= 7)bjogm

[\)

1 ~
+ ——AB, [em 7% — 1] + mEs[e= "% — 1] + p(log p — ar — brne).

1—7 1—7
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Collecting constants gives us (29); collecting coefficients in 7; gives us a quadratic function of by,
1 212 1 —(1-y)Z -Z
O:5(1—’)/)0'77171—(p+Kn)b]+mEg[€ —1]—E,;[€ —1],

the solution to which is (30). For an explanation of why we take the negative root only, see the proof of

Proposition 6. O

Proof of Lemma 4. Simplifying the differential equations in Lemma 5 gives us

dajif—) = —p—0x)+5+7((1 = P)o> +5%) + AE, |e”TZ (=97 _ 1)
+O(®(z) ~0) + 56(6 — 1)0” + myiba(r),
and
dbjiT) =—-F; [(e'YZ _ 1)(6_2 _ 1)} + (br (1 =) 0'72] — I{n)bG(T) + %Usz(T)%

Substituting in the equations stated in the proposition verifies the solution; these expressions also satisfy the

boundary conditions ag(0) = b(0) = 0. O

F Details of a more general theory

As discussed in Section 2.7, the main theoretical results of the paper generalize to an even more general
economic setting. This appendix section lays out and proves these results. Certain proofs and details are

relegated to the end, in Section F.5.

F.1 Economic setting

Consider the economic setting described in Section 2.1. Let us generalize Assumption 5, which defines

preferences, to allow for cross-agent heterogeneity and non-standard functional forms.

Assumption 8 (Preferences). Fach agent i € T has a C*' felicity function f) : C x R — R, denoted
f9(c,v), satisfying the following conditions:

1. Adaptability: For each fized {c,v} € C x R, f(c,v) is an adapted process.

2. Uniform Lipschitz condition: for each {c,v,v'} € C x R x R, there exists a constant K € R such that
[fP(e,0) = FO (e, 0")] < Ko —v|.

3. Uniform growth condition: for each ¢ € C, there exists a constant K € R such that |f®(c,0)| <
K1+ |c]).

As Duffie and Epstein (1992) show, if these three assumptions hold, then there exists a unique value function

process V; satisfying the same recursion as under isoelastic utility.
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Since asset-pricing moments will depend on marginal felicity functions, an assumption on these deriva-
tives is necessary. Before making this assumption, note that, in certain equilibria, consumption processes
and asset returns depend on the consumption shares of a subset of agents. Let ICT represent this subset,
and let ét = {0y : 1€ f} C O, denote the set of their consumption shares. Marginal felicity is then
potentially a function of C, ©, and X.

Assumption 9 (Marginal felicity). For all agents i € Z, the marginal felicity function fg) :CxOxR—>R

is strictly positive on its domain, and satisfies the conditions

lim fg)(c,é,a:) =400 and lim fg)(c,é,x) =0.
ct+oo
Moreover, the derivative of marginal felicity with respect to consumption fgé(c, é,x) is strictly negative on

its domain. fé%c(c, 0, x) is strictly positive on its domain.

These assumptions are weak and customary. We impose them so that felicity is strictly increasing and
concave in consumption and so that agents optimally choose a positive level of consumption, consistent
with the stochastic process assumed by (3). Note that Assumptions 8 and 9 nest identical isoelastic utility

(Assumption 5) as a special case.

F.2 Equilibrium conditions

The equilibrium results in Lemmas 1 and 3 continue to hold in this more general economy, with minor
changes.? The first difference is that marginal felicity may now depend on consumption shares O, in which
case 80 too will the state-price densities (8). The second difference is that the stock price may now also be

a function of both aggregate consumption and individual consumption shares:
St - DtF(Ct, ét,Xt).

Hence, the equity-risk coefficients (13) and (14) become, respectively,

Fey Fy.¢ (%) 4 Fx¢
g =0 + —oc + : 95 [ d + —o0 Fl
St D F, C / F, tOgy Q1 F, Xt ( )

and . 4
PO (0 )y X+ )
F(Cy-,0-, X;-)
4When might we need to define such a subset? An example is the heterogeneous-agent model of Garleanu
and Panageas (2015), which includes two types of agents (types A and B), differing in their risk aversion and
elasticities of intertemporal substitution. In this model, ©® consists of type-.A agents’ consumption shares.
5Lemma 2, on the other hand, no longer holds generally.

()
e_CSJt = e

. (F.2)
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F.3 Asset pricing solutions

F.3.1 Aggregate variables

Because agents’ preferences and equilibrium consumption levels may be heterogeneous, it will be most intu-
itive to express asset returns in terms of aggregates. This will also make straightforward the comparison of the
complete-market benchmark with the full incomplete-market economic setting. As we will see, the variables
defined in this section have as special cases the values that arise in the representative-agent benchmark.

Let us first define aggregate risk aversion as

—1

, R -1
i Ci @) Cia®7X
F& = /g( t{gC( bt t>> di . (F.3)
vt C(C’m@t»Xt)

This is the consumption-weighted harmonic average of the local curvature of agents’ felicity functions 'yg) =

—c ((/% / fg).6 Likewise, we can define the aggregate systematic precautionary savings motive as

(@) A

A & Citfooc(Cit, O, Xi) )12

& = / c (— 0, 6% oo di (F.4)
co\Vity Yt t)

This variable is the consumption-weighted average of individual precautionary savings from systematic Brow-
nian risk. The expression —c fé%c/ fé% is agent i’s relative prudence (Kimball, 1990). In the same way,

define the aggregate idiosyncratic precautionary savings motive

. . () L@
= / Cu < C”ngCC(C’f’@t’Xt)> 52di. (F.5)
7 G oo (Ci, ©4, Xy)

The objects (F.3) through (F.5) are standard concepts in asset pricing, reducing in the case of identical

power utility to v, v(y + 1)|U(CA) |2, and (v + 1)G2, respectively.

Furthermore, we can use the consumption-risk-tolerance (CRT) weights

Cit o (1)—1

C; ICt

Ciry A ()=1 4
& e) di

o =

to define several variables that will be relevant in characterizing asset prices.” Evidently, agents will have
larger CRT weights if they have both a higher consumption share and lower risk aversion *ygz First, define
the CRT-weighted average

(A — /I w fD(Cyy, 04, X, )di. (F.6)

6 Alternatively, we can interpret 'yg) as the (negative) elasticity of marginal felicity with respect to con-
sumption: roughly, the percent increase in marginal felicity in response to a percent decrease in consumption.

"Notice that, in the case of identical power utility agents, wt(z) is simply the consumption weight C;;/Cy.
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as the aggregate marginal felicity of value.® Similarly, for each j € {1,...,n}, denote by

i _ (i) 0) ;
(Ag) _ 0) ((J)(Cz't*@ b {Oy-eor b g, X +C§?Z) .
jcé)X P () A di (F.7)
' fC (Cit*7®t*aXt*)

the aggregate systematic marginal felicity jump corresponding to Poisson jump j. Evidently, this variable
represents the CRT-weighted average of the gross percent change in marginal felicity, given the realization
of a jump. In the event that marginal felicity is not a function of shares O or cross-sectional risk X for any

agent — that is, when fé@(c7 0,1) = g)(c) — I instead use the notation jé’?’j). Analogously, let

- Oy e {0y e L X,
j((;?) :/wt(l)fc (Cit ’{ it }lep t )di (F.8)
z

((;Z) (Cit* ) ét* ) Xt*)

represent, the aggregate idiosyncmtic marginal felicity jump. In the standard power utility case, we then get

. ) _
jc(f?’” = 6745 and ._7 = 76,

Finally, foreseeing that marginal felicity will, under certain assumptions, depend on the states © and X ,

we can define some aggregate variables related to these state variables. Let

A i fCX
7 = / wE’( (Z)t> di. (F.9)
z fei

denote aggregate aversion to cross-sectional risk. The value f((;;( / f((; ) is the semi-elasticity of marginal felicity

with respect to cross-sectional risk.” If, as one might expect, an increase in cross-sectional risk increases
marginal felicity (i.e., if it is an undesirable outcome), then f(czg( /fe @) s positive and this aggregate variable

( )

is negative. Define v, analogously.

F.3.2 Equilibrium returns

Generalizing our main irrelevance results requires solving for riskfree rates and risk premia in the complete-
and incomplete-market economies. The intuition behind these expressions is mostly the same, except that
(i) they must be aggregated across agents and (ii) they contain effects from the changing distribution of

consumption shares. I begin with the complete market.

Proposition 9. In the complete-market economy, the equilibrium riskfree rate is given by'®

A A A , -
reM = ( )+’Yét)ﬂc - *'YCt ( : Z)‘ E v [ CO]t) 1] * =6 (F.10)

8Given any bOI"t of time-additive utility with rates of time preference p(*), this represents aggregate impa-
tience — ‘(/’3) = fI w¥ p™di; for non-time-additive preferences, the interpretation is more complex.

9The use of a seml—elastlclty, as opposed to an elasticity, makes intuitive sense because X is naturally
interpreted as stationary. As a result, we are interested in sensitivity to total changes, not percent changes.

10Technically, all right-hand-side quantities should have a “CM” superscript. I suppress these superscripts
when clear.
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where Zg,, given by (F.15), captures the effect of systematic shocks to consumption shares.
Similarly, we can solve for the price of the stock and its expected excess return.

Proposition 10. In the complete-market economy, the risk premium on the stock is given by
A Aj )
1§ r P =aofosi+ [ Dol osidi+ Y AE g (36 <1) 0 -], R
Jj=1

where the equity-risk coefficients

. . ~Co Cor

Feoy Fy.; @) 5 _ ) _ F(Cy-e 7{9%*6 ot }561)
osy = 0p + —oc + 00,/ di  and e Cst = e - .
! PR ; B0 F(Cy-,0,-)

Likewise, we can solve for the corresponding incomplete-market interest rate.

Proposition 11. In the incomplete-market economy, the equilibrium riskfree rate is given by

A A A A, -
Ty = \(/t) +7(Ct)ﬂ - *'YCt ( ) ZA(J)E ) [jC(’@;()t - ] + =6y
(A A), —C, = -
'YCt)gt ) —mlEp {jc _1+7( )( “ -1 + 2g: T =x1, (F.12)
where Eg, is as in the complete-market economy; éé)t’ given by (F.16), captures the effect of idiosyncratic

shocks to consumption shares; and Exi, given by (F.17), captures the effect of time-variation in cross-

sectional Tisk.
And, lastly, we can solve for the incomplete-market risk premium.

Proposition 12. In the incomplete-market economy, the risk premium on the stock is given by

A A )T N A
rst — Ty = ’y(Ct)O'gO'St + [ ’yéit)eitdé? O'Stdl + ’y§<t)a;t05t
T

3 AR [(T582, 1) -], ()

j=1

where the equity-risk coefficients are given by (F.1) and (F.2).

F.4 When does idiosyncratic risk matter?

Recall the formal definitions of “stochastic” and “time-varying” cross-sectional risk in Section 2.4. As under
isoelastic preferences, the effect of cross-sectional risk on returns will depend critically on the form of agents’

felicity functions. The following definition establishes a particularly important property in this regard.
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Definition. We say that felicity f*) is additively separable if f@)(c,v) = u® (c)+g® (v) for some functions
uD and ¢ that are consistent with Assumptions 8 and 9. We say that it is time-additive if it is additively

separable with g (v) = —pWv for some constant p).

The distinction between additive separability and time-additivity is mostly a mathematical formality. In
practice — namely, under isoelastic recursive preferences — these are usually equivalent properties. Re-
gardless, it is the economic intuition for additive separability that matters: if felicity is additively separable,
then marginal felicity of today’s consumption is independent of the continuation value. The following lemma

affirms an exact relationship between the dynamics of cross-sectional risk and the form of the felicity function.

Lemma 6. Marginal felicity fg) is a function of cross-sectional risk X if and only if @ is non-additively-

separable and X is time-varying.

This lemma will be useful for understanding whether, when, and how cross-sectional risk and agents’ pref-
erences affect prices. An analogous statement holds for the consumption shares 6, by identical logic. This
lemma tells us when incomplete markets can affect the price of risk; the next lemma concerns the aggregate

consumption risks faced by each individual agent in equilibrium, given idiosyncratic risks and separability.'!

Lemma 7. Consider an arbitrary time-t consumption distribution {Cy : i € I} that is the same in the
complete- and incomplete-market economies. If all agents i € T have additively separable preferences, then the
exposure of all agents’ consumption growth to aggregate shocks is the same in the complete- and incomplete-

market economies: Vi € L, U(cfz = U(letv[(z') = ('ygt‘)/'ygz)oc, and each Cg’;j) = (gi\/l(i’j) solves

J Y] ./ (Z) . _C(iij)
Cte_cé) = / U(Cl, )71 (ug )(C,L/t);tc (i";te 70 )> dZ/
T Ue (Cit)

Given additive separability, we also have that ng = o¢ and Cg;j) = (Cj) if and only if all agents have

identical, time-additive power or log utility.

Lemmas 6 and 7 combine to give us a special case of the incomplete-market riskfree rate, which is both

informative and useful for proving subsequent results.

Lemma 8. Consider an arbitrary time-t consumption distribution {Ci; : i € I} that is the same in the
complete- and incomplete-market economies. If all agents i € T have additively separable preferences, then

the riskfree rate in the incomplete-market economy

CM(A Ay 1 ayxa (A A, G,
re =g+ ( Vit ( )*f\(/t))*irY(Ct) t( )*ntEf/ jc(‘t) - 1+7§7t)(6 - 1)} . (F.14)
—_————
_ OM(4)_ _(4)
=9vy “9ve

HNote that “all agents” means a unit measure of agents, since we can ignore any measure-zero subset.
Note also that “identical power utility” means power utility with homogeneous coefficients of relative risk
aversion v — agents with identical power utility may still have heterogeneous rates of time preference p(®.
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The key takeaway from this theorem is that the riskfree rate is always affected by the precautionary savings
motive from idiosyncratic risk. Even without any kind of dependence of marginal felicity on the state
variables X and ©, and even if cross-sectional risk X is non-time-varying, the riskfree rate differs from that
of the complete-market economy by an additional quantity that is driven by agents’ precautionary savings
motive from idiosyncratic risk.

With these lemmas in hand, we can generalize Theorem 2 from the main paper.'? For simplicity, and
without loss of generality, I make two changes. First, I state this theorem in terms of irrelevance instead of

relevance. Second, I take stochastic cross-sectional risk as a given, since its role is obvious.

Theorem 3. Suppose that cross-sectional risk X is stochastic. Market incompleteness is irrelevant for risk

premia if and only if both of the following conditions hold:
1. All agents i € T have identical, time-additive power or log utility.

2. Aggregate consumption shocks are uncorrelated with shocks to cross-sectional risk (i.e., UgJXt =
g)cggz = 0 almost surely).
Of course, the contrapositive is also true. The second condition is identical to that in the main text. The
intuition for the first condition is as follows. In the first place, irrelevance requires additively separable
preferences, so that marginal felicity is independent of continuation value. In the second place, it requires
identical power utility because its isoelasticity and homotheticity means consumption shares © are no longer
a state variable. As the proof of this theorem shows, consumption shares being a state variable implies a
change in the equity risks (through og and ¢ éj )) for which agents demand compensation. In other words, the
only way in which compensation for stochastic consumption shares can be irrelevant is if individual exposure
to systematic consumption risk is identical across agents, and we know from Lemma 77?7 that this only occurs

given identical power or log utility.

F.5 Proofs for a more general theory

Proof of Proposition 9 and 10. The logic is the same as in the proof of Propositions 1 and 2. Applying

this logic to the incomplete-market solutions in Propositions 11 and 12 yields the stated solutions. O

Proof of Proposition 11. Applying It6’s lemma to the state-price density for agent i and substituting

12Theorem 1 also generalizes in a similar way. In that case, additive separability replaces time-additive
power utility as the necessary and sufficient condition.
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into the riskfree rate equation (9), we get

((J%t ; 1fg)CCt ;
_th (@) _ 1 ) C'?t(l (2) 2+~2>

G ithoy — i ¢
16 2 £
(@) —clD (D) (4)
Sy a0, | TG o Aot hieg X )
j=1 rex g) (CitfagtfaXt*)
(7‘) 7C~t A X (Z) -~
— nE; (Cn e, 0, Xy-) 1 C((;;tCz (=% — 1)
fC ( it a(—)t aXt )
& . i
/fce_ g, [ // C6,0, t9n9z/t09t Jet didi — /fccg 000 ) Gét)di
(@) —Ctli=s —Ce
fC'G 0;,t 92 le /]E~ fC (Cit_e C 1{ }, {Qit—e ¢ }iei_,Xt—) B 1‘| di
3 it t v i A
f() 1 ()<Cit*7@t , Xi-)
fcx t 1 fCXX t 2 fccx Lo T ca Xt (DT o
(Z) Hxt — B | Xt| 0) tJCt oxXt — N Ogy O Xxtdl.
f fCt fCt

Multiplying both sides by fgg / fé%,w integrating over the support Z, and algebraically manipulating terms

then yields the stated solution, where

—_ ~ A
o / Wé k 9”/1(% dity / / Vo; 0 10t 't%t Uet)d“l "+ 'Yc X(ce) 'z (F.15)
Sor = / Vs, 0553 di — / o | 750 =1+ 0 = 1) @ (F.16)
s
and
—_ (A A A A
Exe =% wxe + QVXX ol +96)XER 0+ 60 Xo % i (F.17)

In (F.15), we see two new variables that represent aggregates of preference elasticities: the aggregate sensi-

tivity to systematic consumption-share shocks ’yé?e)h/ and the aggregate sensitivity to the correlation of such
consumption-share shocks with aggregate consumption shocks X(Cl?i- The aggregate preference elasticities
’yg?))(, XgA))(7 and Xéf))( are defined analogously. O

Proof of Proposition 12. Applying [t6’s lemma to the state-price density for agent i and substituting

into the riskfree rate equation (11), we get

f(i) f(i) f(i)
_ COt (i)T Coit g @T di CX,;t T
rst — Tt = — 0] itOcy 0St — [, (i) it0gy O0StAl — TUXtUSt
Ct
n (z) C(z ) 0. C(i) A )
; fC( it—€ {ztee}i +C )_1 (6 CSSJt)_]_)

o <czt-7é>t-,xt->

_ Z A@)
j=1

As in the proof of the riskfree rate, multiply both sides by f. @ e é% ,» integrate over the support Z, and
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algebraically manipulate terms to get the aggregated solution. O

Proof of Lemma 6. Because of the assumption that X and C; are Markov, each agent’s value function

takes the form V;; = J(i)(C’it, 6, X;) and satisfies the partial differential (HJB) equation

0= Jéi)ci (ug) (¢i,0, ) —n(z)Es [e‘f(z’z) - 1})
+ /I I500: (1 (ci,0,2) = n(@)Bs [~ D) 1)) di 4+ I px ()
3T (10 (e b)) +6(0)?) + %/iJéjéie%(x)Qdi + 3T ()P
+ %/i/ijé:é@’eieilgéi) (Ci,é,x)Taéy)(ci,é,x)didi’ + Jg;(cag)(ci,é,x)—rax(x)
+ /I Jggicﬂiag) (¢is é,x)Taéi)(ci, 0,x)di +/ Jéz)Xaé )(ci, 0,2) ox(x)di
(@) /IE [0 (e @D (=@ DY ) — O (1,0, )] di

+ Z A@ {J(i)(cie—c(cj)(cqﬁ»z)’ {giec(ﬂi)(q,@r)}iei’x + (@) = T (e, é’x)}
j=1

+n(z)Es [J(i)(cie_g(m’z),é,x) —J® (ci,é,x)} + FD(e;, JD(¢;,0,2)).  (F.18)
Suppose first that f() is not additively separable and X is time-varying. In this case, 9@ (c,v)/dc is a
function of both ¢ and v; therefore, after evaluating this derivative at v = J® (¢, é, x), we know that marginal
felicity is a function of cross-sectional risk if and only if J® (e, 6, x) is in fact a function of z. Moreover, if
cross-sectional risk is time-varying, we know that at least one of the coefficients &(z), n(x), and ((z, Z) is a
function of the process X. Thus, the HJB equation (F.18) implies that J®)(c, 0, z) is indeed a function of z,
so marginal felicity fCt) depends on cross-sectional risk.
To complete the proof, it suffices to show that, if one of the conditions does not hold, then the marginal
felicity function is not a function of cross-sectional risk. Evidently, if f@(c,v) = u®(c) + ¢?(v), then
g) (c,0, ) = g)(c) = 0u¥(c)/dc. Note that u'?(c) must be differentiable by the assumption that f)(c, v)
is C>!, so this derivative is well-defined. Alternatively, if X is not time-varying, then it is a constant and

the HJB equation above simplifies to a PDE in ¢; and 6 only, so g)(c, 0, x) = fg)(c, é) O

Proof of Lemma 7. Suppose that all agents have additively separable preferences, so that marginal felicity

fei @ (Z)(Cit) for all ¢ € Z. Risk premia in the incomplete-market economy become
(4) G
U (C; Cer
ros — Py = _% Ciol) T og1 + ZA(” [( — € ) _ 1) (1— e <8/ )1 : (F.19)
Ucy Uc (Cit-)

A condition of the exact same form holds in the complete-market economy. Because we take the current
distribution of consumption as given, it must be that, for each agent i, u(czl is identical in the complete-

and incomplete-market economies. Moreover, because we have assumed that agents can trade in m + n
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non-redundant risky securities and because the condition (F.19) is of the same form in both economies, the

i)

equilibrium values of aCt and Cc must be uniquely determined and the same in both economies.

Specifically, since there are m + n non-redundant stocks, there exist m 4+ n non-redundant portfolios,
m of which are each exposed to only one of the Brownian motions and n of which are exposed to one of
the Poisson jumps. The risk premium (F.19) and the corresponding aggregated version then imply that
”yéz 8 = ygz)cré ) for both economies, as claimed. Moreover, equating agents’ coefficients on Poisson jump

j implies
U(CZV)(C“E_B_C(CZ{J)) . U(CZ'I)(C Vt— e_<(7 J)) (F 20)
u(é)(Cit—) u(é )(Ci’t—)

(®)

Because u, @)

. . . . . . -1
is assumed to be strictly decreasing and continuous, it has an inverse u,;’ =~ and we can conclude

o (1) —¢lD
_ G i) — i’ u C -€
Cin—e o = u(c) ! (u(c)(C'”) ¢ (() )> .
uc’ (Cit-)

that

Summing over agents i’ € Z and imposing the fact that fz i/tfe_c(ci;’j)di’ = the_c(cj) gives us the result.
Finally, notice that O'Ct = Uc ) if and only if VCt = V(Ct), which itself can only be true for all consumption

distributions if all agents have log or power utility with identical coefficients of relative risk aversion ~.

Likewise, the condition (F.20) suggests that Cgtj ) = g ) for all consumption distributions if and only if the

same preference condition holds. O

Proof of Lemma 8. If preferences are additively separable, then fg)(c) = ug) (c) for all agents i € Z, and

thus the riskfree rate reduces to

fCCt i 1fCCCt
th_ fi) Citﬂgi b} f 02| Ct| Z AU

fc( - eC(J))_1‘|

Ct Ct j=1 ()(C —)
- (7)
1 fCCC i - (z)(ci —e™%) ce, _
2 tCi2t(|Ué'1)£|2 + Ut2) —nEz % -1 (i)tcit(e [ 1)
fCt o (Ci-) feu

By Lemma 7, the terms including O'Ct and (g () are the same whether markets are complete or incomplete.

Notice, however, that th = gg/)(Vit) in general might not equal fgiv[ @

, since the HJB equation from the
proof of Lemma 6 implies that the value functions in the two economies will differ. Thus, upon aggregating

in the usual fashion, we get the expression stated in the lemma. O

Proof of Theorem 3. The sufficiency of these two conditions was proven by Theorem 2: if both of them
hold, then risk premia are unchanged by stochastic cross-sectional risk. The necessity of the second condition
also follows from identical logic as in the proof of Theorem 2: if aggregate consumption growth is correlated
with cross-sectional risk, then it necessarily alters risk premia under any preferences.

To show the necessity of identical time-additive power or log utility, let us establish a few facts about
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the stock price. Note first that, using the arguments from Lemma 3, the price-dividend ratio solves the PDE

F(c,0,2) ' +E; [ug(c, 0, x)} + i: AG) [e_c(sj)(c’é’r) - 1} —r(c,0,2)
j=1

.
(%“)( 0, 2)00 + /1 ng”(c,é,x)ag“(c,é,x)dzﬂg{‘)(c,é,x)ax(x)) os(c, 0, )

F30 (780 0,0) — 1) (1 — e edm] ()
=1

Recognize also that, whenever X is time-varying, the riskfree rate r is a function of X in the incomplete-
market economy. Thus, from the PDE (F.21), we can conclude that F is a function of X if and only if
X is time-varying. As a result, these stock-price coefficients depend on ox; and (ggt), and it must be that

X is correlated with the stock: either o,05: # 0, CXt (J)

= 0 for some j, or multiple of these. In the
complete-market economy, however, F' is independent of X, and thus so are the equity-risk coefficients.
From Lemma 6 and the fact that X is correlated with S, we know that agents demand a premium for
stochastic cross-sectional risk if and only if they have non-additively-separable preferences. The argument
is similar to that in the proof of Theorem 1. Hence, irrelevance implies all agents have additively separable

preferences. Assuming separability and using the riskfree rate relation from Lemma 8, the incomplete-market

risk premium implies that the stock’s price-dividend ratio solves the differential equation

F7Y 4 Ep (s +Z/\<J [ 53—1}
j=1

CM(A A A) F(A A A —
*TEMf(th()i \(/'t)) ()g()+7)tE {j()71+,}/( )( Ct*l)}

n

= vé’i)agost +> B, {(Jé’;"” - 1) (1- e_C(Sjt))} . (F.22)

j=1

In order to prove the claim, suppose for the sake of contradiction that agents do not have identical power or
log utility, but that risk premia are identical in the complete- and incomplete-market economies. By the last
statement in Lemma 7, it must be that aé? # 0 and C(gi’j) # 0 for a positive measure of agents i € Z. This
has two important implications. First, it means that the riskfree rate is a function of the consumption shares
Oy, so F, is indeed a function of these shares. Second, it means that the only way in which risk premia can

be the same in the complete and incomplete markets is if Foy/Fy = FSM/FEM, Fy.,/F, = Fg(f}fw/FtCM, and

) (2,5) 2,5)
F(theic {et eSor } e K- + C(])) . FOM(Cy-e” {et e }iei)
F(C-,6,-,X,-) FOM(C,-,©,-) '

Now, since we assumed that risk premia were the same in both economies, we can substitute these complete-
market quantities into the left-hand side of the differential equation (F.22) and set the whole expression equal

to the corresponding expression in the complete market. Doing so and removing terms that are identical on

71



both sides of the expression yields the following:

_ _ F 1F
0=F = (FPM) ™ Zh(uxe + opoxd) + 5 ’;X%Xt\?
t
Fo,4 @) CM@) & Fo,0,.t 502
+/i F, Oz (:uet Hot (e )) dl"‘ 2 ): F, 92 di
F(Cpe, {fy—eC) . X,
+77t/EzJ (t{tA }ZGI t)—ldi
z (thv@t*7Xt*)

(R 50 b S SVEN s [T~ 14450 - )] (R2w)

Herein lies the contradiction. Our assumption that risk premia were equivalent implied that Fp,./F; =
F(,Cl}sv[ / FtCM7 which means it is necessarily the case that Fy,,/F; and Fy,g, ;/F; are independent of X. However,
since X is time-varying and at least one of the elements of {5+, 7, ft} depends on X, the differential equation
(F.23) implies that Fp,;/F; is in fact a function of X. By way of this contradiction, we have proven that
identical power or log utility is a necessary condition for irrelevance.

What is the intuition for this proof by contradiction? We have shown that, if agents do not have identical
isoelastic and homothetic preferences, then the equity valuation F', and therefore the equity-risk coefficients,
is affected by both consumption shares and cross-sectional risk. Agents demand compensation for these
consumption-share shocks (they are just scaled exposures to systematic consumption shocks), so it shows up

in the risk premium differently in an incomplete market. O
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